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CONVENTIONS
I n  t h e  p r e s e n t a t i o n  o f  t h i s  t h e s i s  wa h a v e  f o l l o w e d  t h e  
f o l l o w i n g  c o n v e n t i o n s .  C h a p t e r s  a r e  d e n o t e d  by  Roman 
n u m e r a l s  I ,  I I  e t c .  S e c t i o n s  a r e  d e n o t e d  b y  o r d i n a r y  
n u m e r a l s  1,  2 e t c .  S u b - s e c t i o n s  a r e  d e n o t e d  b y  i ,  i i  e t c .  
The  e q u a t i o n s  i n  e a c h  s e c t i o n  h a v e  t h e  s e c t i o n  n u m b e r  f o l l o w ­
e d  b y  t h e  e q u a t i o n  n u m b e r ,  i . e .  e q .  ( 2 . 3 )  m e an s  t h e  3 r d  e q u a ­
t i o n  i n  t h e  2 n d  s e c t i o n  o f  a p a r t i c u l a r  c h a p t e r .  No s e p a ­
r a t e  n u m b e r i n g  f o r  t h e  s u b - s e c t i o n s  a r e  d o n e ,  i . e . ,  a l l  
t h e  e q u a t i o n s  i n  a s e c t i o n  h a v e  t h e  s e c t i o n  n u m b e r  i r r e s ­
p e c t i v e  o f  t h e  s u b - s e c t i o n s .  When r e f e r e n c e s  a r e  made  f o r  
an  e q u a t i o n  i n  t h e  same c h a p t e r  we u s e  o n l y  t h e  s e c t i o n  
n u m b e r  a l o n g  w i t h  t h e  e q u a t i o n  n u m b e r ,  i . e , ,  i f  i n  t h e  t h i r d  
c h a p t e r  we r e f e r  t o  e q .  ( 2 . 3 )  i t  w i l l  mean t h e  3 r d  e q u a t i o n  
i n  s e c t i o n  2 o f  t h e  t h i r d  c h a p t e r .  I f  we w a n t  t o  r e f e r  t o  
an  e q u a t i o n  i n  a n o t h e r  c h a p t e r ,  we w r i t e  t h e  c h a p t e r  n u m b e r  
f o l l o w e d  by  t h e  s e c t i o n  end  e q u a t i o n  n u m b e r s ,  a . g . ,  i f  i n  
t h e  5 t h  c h a p t e r  we r e f e r  t o  t h e  3 r d  e q u a t i o n  o f  s e c t i o n  o f  
c h a p t e r  I I I ,  we w r i t e  i t  a s  e q . ( I I I .  2 . 3 ) .
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I N T R O D U C T I O N
The Quantum Mechanics o f a van a th ree -b o d y  system  i s  not 
p ro p e r ly  u n d ersto o d . So i t  would seam r a th e r  d i f f i c u l t  to  
imagine th a t  the quantum m echanics of many-body system s could 
be so lved  e a s i ly .  F o rtu n a te ly  th e re  i s  a good approxim ation 
to  which th e  problem of many-body system s can be reduced. 
T his approxim ation , in  which the  p a r t i c l e s  move as independ­
en t p a r t i c l e s  in  a p o te n t ia l  determ ined by averaging over
t
a l l  p o s s ib le  p o s i t io n s  o f a l l  o th e r  p a r t i c l e s ,  i s  c a lle d  the  
independent p a r t i c l e  m odel. In  case of an atom th i s  p o ten ­
t i a l  i s  due to  a l l  the o th e r  e le c tro n s  and a lso  to  the  
n u c leu s , w hile in  case of a n ucleus i t  i s  due to  a l l  the  
o th e r  n u c leo n s.
1. I la rtrea -F o ck  method fo r  atoms'1'
To w rite  down Hartree-Eock e q u a tio n s , we s t a r t  w ith  a 
d e te rm in an ta l wave fu n c tio n  g iven  in  te rn s  of norm alized  
s in g le  p a r t i c l e  wave fu n c tio n  as
(1. 1)
where N i s  the  t o t a l  number of e l e c t r o n s  i n  the atom, Ex­
p r e s s i o n  ( l . l )  i s  antisymmetric  i n  c h a ra c te r  and au tom at ica l  -
- 1 /2
l y  s a t i s f i e s  P a u l i ! s e x c lu s io n  p r i n c i p l e . (Ni) i s  the  
no rm al is ing  f a c t o r .  Each of the one e l e c t r o n  wave func t ions  
i s  assumed to  be the product  of  a f u n c t io n  of co o rd in a tes  
and a f u n c t io n  of sp in ;  t h a t  i s ,  each one e l e c t r o n  wave 
fu n c t io n  corresponds to  a d e f i n i t e  value of ms . All the  
s p a t i a l  wave fu n c t io n s  corresponding t o  a c e r t a i n  value of 
ms w i l l  be o r thogonal  to  each o th e r .  Then the  average value 
of the Hamiltonian
w i l l  be g iven  by 
/
h - _ i i
i. 2. M T; Z+ ^  n t  
1
( H ) * o  = f. % u + p  fw
i i J
( 1. 2)
where ^ * ( 1 )  and ^  (2) are the s in g le  p a r t i c l e  wave func-
öt i o n s  at p o s i t i o n s  and f  r e s p e c t i v e l y .  The o n e - e l e c ­
t r o n  o p e ra to r  f ^  and the  tw o -e le c t ro n  o p e ra to r  g^p are g iven  
in  atoniic u n i t s  w ith  ti -  M -  1, as
f, = - V - ux ( 1 .3 )
where z i s  the atomic number and the in te g r a t io n  over dvl
and (Au^is on ly  over the  s p a t i a l  c o o rd in a te s . £  j Tkr , , J
( f '
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i s  the  Krone eke r  d e l ta ,  f ^  g iv es the sum of th e  k in e t ic  
energy and the  Coulomb p o te n t ia l  energy due to  the n u c leu s , 
w hile g12 g ives th e  Coulomb p o te n t ia l  energy between two 
e le c t ro n s .  To d e riv e  the  H artree-F ock  e q u a tio n s  we want to  
minim ise th e  average energy . We do th i s  by Varying th e  ^ s 
i n  eq u a tio n  (1 .2 )  w ith  the s u b s id ia ry  co n d itio n s  of n o rm ali­
s a t io n  of a l l  4^ s and o r th o g o n a li ty  o f any two 4 ^  s asso­
c ia te d  w ith  the same ms . By using  the method of undeterm ined 
m u l t ip l ie r s ,  a f t e r  a l i t t l e  a lg e b ra ic  m an ip u la tio n , we g e t
In  o rd e r to  put th e  H artree-F o ck  e q u a tio n s  (1 .4 )  in to  a more 
convenient form we make a u n i ta ry  tra n s fo rm a tio n  of th e  ^  s 
Such a tra n s fo rm a tio n  le a v e s  th e  d e te rm in an ta l fu n c tio n  un­
changed, f o r  i t  fo llo w s from the th eo ry  of d e te rm in an ts  th a t  
a determ inant whose rows o r columns are found from th o se  o f 
ano ther de term inan t by a u n i ta ry  tra n s fo rm a tio n  i s  id e n t ic a l  
to  the o r ig in a l  d e te rm in an t, aside from a co n s tan t f a c to r  
whose ab so lu te  value i s  u n i ty .  Since our d e r iv a t io n  m in i­
m ises the anergy, which depends only  on th e  d e te rm in a n ta l 
fu n c tio n  as a whole, i t  o b v io u sly  cannot choose between 
d i f f e r e n t  forms o f o n e -e le c tro n  -wave fu n c tio n s  which le a d
Ito identical determinants.
To investigate the effect of such a unitary transformation
We use a special sort of transformation. In order to pre­
serve the form of wave functions which we are assuming, our
transformation can mix y . s of the same value of ms with 
each other, out not with those of the opposite ms. In other 
words, the coefficients must he zero unless the indices 
k and j refer to wave function with the same spin. This 
is equivalent to saying that the transformation can be con­
sidered as a successive application of two transformations, 
onyof the vfave function with + spin, the other of the wave 
functions with - spin* After some calculation we find
let us transform the s into a new set of N orthonormal 





X',' - L 4 ;
■J Kl
kl ^  . (1 .7 )
We n o t i c e  t h a t  when the s undergo a u n i t a r y  t r a n s fo rm a ­
t i o n  the form of the  H.F. equa t ion  i s  not a l t e r e d ,  bu t  the  
q u a n t i t i e s  \ i j  t r ansfo rm  l i k e  the  components of  a m a t r ix .  
S ince we have put A i j  = Xji* t h i s  m a t r ix  i s  H erm it ian .
So we can conclude t h a t  a u n i t a r y  t r a n s fo rm a t io n  of the  
can be found which w i l l  d ia g o n a l i s e  the n a t r i x X i j ,  
so t h a t  the  components X j j  form a d iagonal  matrix* The 
p ro ces s  of d ia g o n a l i s in g  t h i s  m a t r ix  i s  j u s t  l i k e  the  o r d i ­
nary  one o f  so lv ing  Schröd inger*s eq u a t io n .  The p a r t i c u l a r  
choice o f  j  i  s which g ives  us a d iagonal  m a tr ix  has spe­
c i a l l y  simple p r o p e r t i e s ,  and we s h a l l  assume t h a t  wq are 
dea l ing  w i th  s o lu t io n s  of th e  H.F. equ a t io n s  which have 
t h i s  p ro p e r ty  of d ia g o n a l i s in g  the  X m a tr ix .
Then, we can w ri te  the H.F. equa t ions  i n  the  form
if .^0 - S(**i (%8)
o r ,  u s ing  equa t ions  ( 1 .3 ) ,  we have from (1 .8 )
4rTiO) + £ 0 v { l{ )^fj(>Mv>ßo) 
-£:sSi*sj) m f)  (0 a h  I tj ( ' ) - ■ (1*9)
/3
where we have u s e d £ q  i n  p lace  of - A n .
— r e p r e s e n t s  the energy req u i red  to remove the  i  t h  e l e c ­
t r o n  from the atom. In  equa t ions  (1 .9)  the  f i r s t  term r e p r e ­
s e n ts  th e  k i n e t i c  energy, the  2nd term the p o t e n t i a l  energy 
due to  th e  nuc leus ,  the  t h i r d  term the p o t e n t i a l  energy due 
to  a l l  the  e l e c t r o n s  of bo th  sp ins  and the l a s t  term the ex ­
change p o t e n t i a l  energy.
The independent p a r t i c l e  model i s  good enough f o r  e l e c t r o n s  
i n  an atom. But th e re  was no a p r i o r i  reason  to b e l ie v e  t h a t  
such a model shoul* work a t  a l l  f o r  nucleons i n  a n u c leu s .
In  c o n t r a d i s t i n c t i o n  to  the fo rc e s  o p e ra t in g  between e l e c ­
t r o n s ,  fo rc e s  between two nucleons are of  s h o r t  range,  of  
g rea t  s t r e n g t h  and probably  have r ep u ls iv e  co re s .  I t  was 
very  d i f f i c u l t  to  see how such fo rc e s  could lead  to  an ave­
rage p o t e n t i a l  f i e l d  w ith  a c o l l e c t i o n  o f  n o n - i n t e r a c t i n g  or  
weakly i n t e r a c t i n g  nucleons moving i n  i t ,  as i s  done i n  th e  
"S he l l  model" of  Mayer2 and o t h e r s .  In  s p i t e  of t h i s  d e f i ­
c iency i n  the f i r s t  s t e p ,  the  s h e l l  model has very good suc­
cesses  i n  ex p la in in g  many p r o p e r t i e s  of bound s t a t e s  of 
n u c le i  and of  n u c l e a r  r e a c t i o n s .  But i f  s h e l l  model i s  accept 
-ed then  we have to  admit t h a t  the nucleons in s id e  a msny- 
body medium behave to  some ex ten t  l i k e  an assembly o f  non­
i n t e r a c t i n g  o r  weakly i n t e r a c t i n g  p a r t i c l e s  and th a t  the 
two-body fo rces  are weak and long ranged and as such th e re  
i s  an absence of c o r r e l a t i o n s 2 i n  the  g ro u n d -s ta te  wave
fu n c tio n s . &any a ttem p ts  have been made so f a r  to  e x p la in  
t h i s  paradox , v iz .  on one s id e  very sh o r t- ra n g e d  s tro n g  
fo rc e s  w ith  com plicated^exchange c h a ra c te rs  and on th e  o th e r  
s ide  a behav iou r of a nucleon  in s id e  a n u c leu s which looks 
l ik e  th e  b ehav iou r in  a smooth p o te n t ia l  w ithou t la rg e  mag­
n itu d e  and la rg e  v a r ia t io n .  Some people argued th a t  the
o r ig in  of t h i s  e f f e c t  m ight be, f o r  example, a s tro n g ly  non-
4l i n e a r  behav iour of th e  meson f i e l d  so th a t  a v ery  la rg e  
damping e f f e c t  m od ifies and smooths out th e  fo rc e s  i n  n u c le a r  
m a tte r . These e f f e c t s  can a r is e  f o r  many-body fo rc e s  or from 
a n o n - l in e a r i ty  in  the meson f i e ld  e q u a tio n . I n  e i th e r  case 
the e f f e c t iv e  p o te n t ia l  f e l t  by one nucleon  would no t have 
the  ra p id ly  vary ing  s p a t i a l  dependences which would r e s u l t  
i f  the  two-body fo rc e s  remained s tro n g  even in s id e  th e  
nucleus and a uniform  p o te n t ia l  would be a good approxima­
t io n .  But th e re  are s tro n g  argum ents to  show th a t  th e  two- 
body fo rc e s  con tinue  to  e x i s t  in s id e  a n u c leu s and are not
rep laced  by a g en e ra l smooth p o te n t i a l .  These argum ents are
5
summarised in  a paper by B rueckner, 3den and F ra n c is  • The 
p o in t i s  th a t  th e re  i s  abundant evidence th a t  th e  n u c le a r  
wave fu n c tio n  co n ta in s  very  s tro n g  components of h ig h  momen­
tum which m an ife s t them selves in  such p ro ce sse s  as th e  cap­
tu r e  o f Tf -  mesons and th e  p h o to e le c t r ic  e f f e c t  caused by 
h ig h  energy y  - r a y s .  In  bo th  ca se s , a la rg e  amount of energy
I s'
w ithout much nomanturn i s  g iven to  the nucleus* In  o rd e r  
fo r  a nucleon  to  absorb t h i s  energy, and a t  th e  sane t i n e  
to  conserve momentum, the nucleon^ must have had a l a rg e
the wave fu n c t io n  o f  the  nucleus i n  i t s  normal s t a t e  must 
c o n ta in  components corresponding to  la rg e  momenta o f  an 
in d iv id u a l  nucleon* Examples l i k e  deu teron  p ick -u p  p ro cesses  
a lso  give the  same in d ic a t io n *
A ll th e se  experim ents show very d e f i n i t e l y  t h a t  th e  p o te n ­
t i a l  in s id e  a nucleus i s  a h ig h ly  f l u c tu a t in g  f u n c t io n  o f  
p o s i t io n ,  which i s  com patible w ith  the id e a  t h a t  the  tw o- 
body fo rc e s  do not d ie  down even when the p a i r  of nucleons 
i s  immersed in  a many-body medium*
There are s im i la r  d i f f i c u l t i e s  in  u n d ers tan d in g  the  su c cess -
6
es of ’’cloudy c r y s t a l  b a l l  model” > and ’’c o l l e c t iv e  model” of 
7
A*Bohr and o thers*  They could , no doubt, e x p la in  su c c e s s ­
f u l ^  many p r o p e r t i e s  of n u c le i  of d iv e rse  n a tu re ,  but most 
of them only by e s s e n t i a l l y  assuming the  v a l i d i t y  of some type 
of independent p a r t i c l e  model.
So, when we develop a th e o ry  o f  nucleus at t h i s  s ta g e ,  we 
must re q u ire  th a t  on one hand i t  g ives  us one p a r t i c l e  
f e a tu r e s  f o r  a l l  low energy phenomena and on th e  o th e r  hand 
i t  must p rese rv e  i n  the  n u c le a r  wave fu n c t io n s  very  s tro n g  
components of high momenta* Such components can e a s i l y  be
momentum befo re  i t  absorbed the7\" -meson
prov ided  i f  we b e l ie v e  t h a t  the  n u c le a r  fo rc es  con tinue  to  
e x i s t  in s id e  the nucleus as they  do o u ts id e  th e  n u c leu s .
So th e  ta s k  i s  to  use the  s tro n g  two-body fo rc e s  as ev iden­
ced i n  the  f r e e  nucleon s c a t t e r in g  experim ents and to  con­
s t r u c t  w ith  th e se  a th eo ry  of complex n u c le i  which can r e ­
p ro d u c e w ith  as good an approxim ation as p o s s ib le ,  the  one
p a r t i c l e  p ic tu r e  of the  s h e l l  model. This i s  e x a c t ly  the
Sprogramme which was c a r r ie d  out by Brueckner and h is  c o l l a ­
b o r a to r s .
2. Time dependent n e r tu r b a t io n  th e o ry  and 
Feynman graph a n a ly s is
9We fo llow  G o l d s to n e ^  method and. s t a r t  w ith  th e  one- 
p a r t i c l e  S chröd inger eq u a tio n
whose s o lu t io n s  are given by the o n e - p a r t i c le  e ig e n s ta t e s  
^ (O w ith  e igenva lues  t2n . Tj_ and Vj_ are the k i n e t i c  energy 
and p o t e n t i a l  energy o p e r a to r s .  This p o t e n t i a l  energy  Vi 
may be regarded  as th a t  gained by the i  t h  nucleon due to  
i t s  encounters  w ith  a l l  o th e r  nucleons in s id e  the nu c leu s , 
w ith  each of which i t  i n t e r a c t s  by the  i n t e r a c t i o n  p o t e n t i a l  
'U-jj. The ex ac t fu n c t io n a l  dependence o f  on w i l l  be 
exp lo red  l a t e r  on. w i l l  have a dependence on b o th  spa­
t i a l  and momentum c o o rd in a te s .  The S chröd inger e q u a tio n  i s  




Solutions of equations (2.1) or (2.2) for a potential well 
of finite radius will give discrete states for By,<( 0 end 
continuum states for B^O  • A state of the nucleus is de­
fined by specifying which of the one-nucleon states S 
are occupied by the nucleons, and the set of occupied one- 
nucleon states will be called configuration. 3ach configu­
ration will be described by a Slater determinant which con­
tains only the occupie-i one-nucleon states. This determi­
nant, we call, the ’’model wave function” and denote it by 
^  • § is an eigenstate of the ’’model Hamiltonian” HQ which 
may be written as









H -  + 14 (2.6)
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A ll expansions are made in  powers of H^. The one-nucleon  
wave fu n c t io n s f  n , rep re se n ted  by 1 ^ ) , are c a lc u la te d  from 
th e  wave s in g le - p a r t i c l e  S chröd inger eq u a tio n  (dropping th e  
p a r t i c l e  symbol i  o r  j)
(T+ v) / h> — Ek (a ) ( 2*7  )
The m a trix  elem ents of and Vj_ = V are defin ed  by th e
r e la t io n
I ( j )  ( j  j  [ } )  fy x  ( i )  £  X -  J i  Xj
J
J (2 .8 )
and
Y V K  : % * 0 )  M ^  ( 0  M ( 2 . 9 )
Using second-quan tised  form alism , and d e fin in g  and
^  as the c re a tio n  and a n n ih i la t io n  o p e ra to rs  r e s p e c t i  vely; 
we w rite
H. = I  ’ll >! ( 2 - 10)
and
H, =  ^ < YS ij V \  - £ < V | V | ^  ^  . ( 2 . 1 1 )
The summation on the  r ig h t  hand side  of eq u a tio n  (2 .1 1 ) i s  
over a l l  d i s t i n c t  m a trix  e lem en ts, where
/<?
<^YS I 15 I 07\n)> z  ^  S r  119 ( K 
but ys 1v/ hr*} i s  d i s t i n c t .
Wq s h a l l  be mainly concerned w ith  the case of the  ground- 
s t a t e  of  tha  model Hamiltonian H0 . We suppose t h a t  Hq 
has a non-degenera te  ground s t a t e  formed from the  lowest 
A of the vp *§ • The s e t  of s t a t e s  forming <§0w i l l  be c a l l ­
ed unexc i ted  s t a t e s  and a l l  o th e r s  w i l l  be c a l l e d  ex c i te d  
s t a t e s .  Since the ground s t a t e  i s  assumed to be non-dege­
n e ra te  any o th e r  c o n f i g u r a t i o n ^  of the  system w i l l  con ta in  
p a r t i c l e s  i n  the  e x c i te d  s t a t e s  and a complete d e s c r i p t i o n  
of  <$ i s  ob ta ined  by s t a t i n g  which of the  ex c i te d  s t a t e s  are 
occupied and. which of the unexc i ted  s t a t e s  are l e f t  empty.
In  analogy w ith  the hole th e o ry  of D irac ,  an unoccupied 
unexc i ted  s t a t e  w i l l  be c a l l e d  a " h o le 11. We s h a l l  c a l l  
the vacuum and the p a r t i c l e s  i n  the s t a t e s  not contained  
w i th in  <^ o as " p a r t i c l e s " .  A n a t u r a l  consequence of t h i s  
d e s c r i p t i o n  i s  t h a t  the  main e f f e c t  of  P a u l i ' s  ex c lu s io n  
p r i n c i p l e  i s  au to m a t ica l ly  taken  care o f ,  f o r  an unexc i ted  
s t a t e  w i l l  be regarded as normally occupied and hence exc lud­
ed f o r  o th e r  p a r t i c l e s  undressA hole i n  t h a t  s t a t e  i s  e x p l i ­
c i t l y  in t ro d u ce d .  The o p e r a to r s  and are regarded
as a n n i h i l a t i o n  and c r e a t io n  o p e ra to r s  r e s p e c t iv e ly  of a 
p a r t i c l e ,  while f o r  a hole t h e i r  /  r o l e s  are rev e r sed .  In
2 . 0
t h i s  terminology a Fermi sea  of  p a r t i c l e s  has a d e s c r ip ­
t i o n  as fo l lo w s .  The vacuum s t a t e  <J0 i s  the f i l l e d  up Fermi 
aea,  i . e . ,  a c o n f ig u ra t io n  where a l l  o n e - p a r t i c l e  s t a t e s  
w ith  momentum l e s s  than  or  equal to  the  maximum Fermi momen­
tum kp are occupied and th e re  are no p a r t i c l e s  w ith  momenta 
ou ts ide  the Fermi sphere .  For t h i s  system, a l l  o n e - p a r t i c l e  
s t a t e s  w ith  momenta k^ C kF are unexcited  s t a t e s ,  and those  
w ith  k ) kp are e x c i te d  s t a t e s .
10
According to  the a d i a b a t i c  theorem of Gell-Mann and Low , 
^  the  lowest e i g e n s t a t e  o f  H i s  expressed  i n  terms of the  
ground s t a t e  wave fu n c t io n  of  H0 w i th  th e  he lp  of  the■‘-Q q
r e l a t i o n ,  which i n  the n o t a t i o n  of Goldstone i s  g iven  by
I P "  = = •  J j r
0 «'-»•«SIU |i>
(2 . 12)
'Vhere IK i s  w r i t t e n  as
w i th
a = l c - o .
U=o J
H ,  ( t , )  ( 2 . i 3 )
H , ( + )  =  e  l,*t « —  ^ te e (2.14)
The a d ia b a t ic  theorem s t a t e s  th a t




( 2 . 16)
and
(2 .17)
Using the s e r i e s  f o r  U ^ i n  equa t ion  (2 .13 ;  we o b ta in ,  a f t e r  
c a r ry in g  out the time i n t e g r a t i o n s ,  the  p e r t u r b a t i o n  expan­
s ions  of  ^  and A E  w ith  the  help  of equa t ions  (2 .1 2 ) ,  (2 .1 3 ) ,  
(2 .1 7 ) .  Bach term i n  the expansion of AE and tjf i n  powers of  
H \ [ ( )  becomes sum of p roducts  of m a t r ix  elements of and 
V i n t e r a c t i o n s ,  £ t , ^  and • This i s  e a s i l y
seen by f i r s t  w r i t in g  th e  ex p res s io n  of H-j(t) which i s  
ob ta ined  from equa t ion  (2.11)  by s u b s t i t u t i n g ^  ( t )  f o r  ^  
whe re
(2.13)




The d i f f e r e n t  t e r n s  i n  aqua t ion  (2.19)  as well  as those  
appearing i n  the  d i f f e r e n t  t e rn s  i n  the  expansion o f Y 0 sn  ^
zlHT i n  powers of H^(t)  can be rep resen ted  by Feynman d ia g ra  
ns of V and V i n t e r a c t i o n s .  Thus, one can as w el l  o b ta in  
the  r eq u i red  expansion f o r  XLf and A £  by w r i t in g  down a l l  
p o s s ib le  graphs th a t  nay appear i n  the  r e s p e c t iv e  expansions 
These graphs nay be drawn and t h e i r  c o n t r ib u t io n s  nay be ca l  
cu la ted  w ith  some s u i t a b l e  s e t  of  conventions as i s  done i n  
f i e l d  t h e o r i e s .  We s h a l l  fo llow Goldstone i n  our approach. 
In c rea s in g  t i n e  axis  i s  drawn upwards f ro n  below. A p a r t i ­
c le  l i n e  corresponding to  a p a r t i c l e  i n  the  e x c i t e d  s t a t e  
i s  drawn by a l i n e  i n  th e  in c re a s in g  d i r e c t i o n  o f  t i n e ,  
i . e .  by an arrow p o in t in g  upward. S im i la r ly ,  a p a r t i c l e  in  
the unexc i ted  s t a t e  i s  r ep re sen ted  by a l i n e  i n  the/backward 
d i r e c t i o n  of t i n e ,  i . e . ,  by an arrow p o in t in g  downward. In  
the  graphs - i n t e r a c t i o n s  are r ep re se n ted  by do t ted  l i n e s  
and V - i n t e r a c t i o n s  by dashed l i n e s .  All the i n t e r a c t i o n  
l i n e s  are drawn h o r i z o n t a l l y .
With these  conven t ions ,  the m a t r ix  element corresponding  to  
f i g .  1 w i l l  be ^Vs| v/ k)> i n  which a l l  the s t a t e s
I *0 ) , I I are e x c i t e d  s t a t e s .  I f  we have i n i ­
t i a l l y  one unexc i ted  s t a t e  f "k ) ,  the m a tr ix  element w i l l  be 
r ep re sen ted  by the  f i g . 2. A m a t r ix  element r  | Vf w i l l  be 
r ep re sen ted  by f i g .  3 i n  the case of sca t te r ing^ )!  a p a r t i c l e  
between two unexc i ted  s t a t e s  f v )  and j r)  due to  a \/
i n t e r a c t i o n .  In  t h i s  case the  s c a t t e r i n g  i s  p e rm i t ted  only 
i f  a hole i s  a l ready  p re se n t  in  the  s t a t e  |v^> , o therw ise  
such a graph i s  d isa l lowed by ex c lu s io n  p r i n c i p l e .  We can 
give many more examples l i k e  th e s e .  There i s  another  c la s s  
of graphs involv ing  p a r t i c l e  i n  the unexc i ted  s t a t e s  in  
which the  p a r t i c l e  remains i n  i t s  s t a t e  a f t e r  the i n t e r ­
a c t io n s .  Such p a r t i c l e s  are c a l l e d  by Goldstone "pass ive  
unexc i ted  p a r t i c l e s " ,  and are rep re sen ted  by c losed  loops 
termed "bubbles" .  Some graphs invo lv ing  "bubbles“ are shown 
in  fig$. 4, F ig .  4 (a )  gives a d iagonal  m a tr ix  element of  V  
i n t e r a c t i o n  i n  the u n exc i ted  s t a t e  |n^> , i . e . ,  ^v\|V|vy>* 
S im i la r ly ,  f i g .  4 (b)  g ives  the  d iagonal  m a tr ix  element of 
i n t e r  ac t io n  «Aw A J u| . F ig .  4 (c )  i s  the exchange graph
of f i g .  4 ( b ) .  F ig .  4 (d)  and i t s  exchange, f i g .  4 (e )  r e p re -  
sent/the i n t e r a c t i o n  of a pas s iv e  unexc i ted  p a r t i c l e  with a 
p a r t i c l e  i n  the e x c i te d  s t a t e .
Over and above the f i r s t  o rd e r  te rms, th e re  w i l l  be terms of 
h ighe r  o rd e rs  i n  and V i n t e r a c t i o n s  a r i s in g  from h ig h e r  
o rd e r  terms i n  H-^(t) p r e s e n t  i n  the expansion of U<y i n  equa' 
t i o n  (2 .1 3 ) .  There may be two d i s t i n c t  p a r t s  i n  a h ig h e r  
o r ^ e r  diagram. The p a r t  of  a g raph which i s  com plete ly  d i s ­
connected from the r e s t  of the gpaph and has no e x t e r n a l  l i n e s  




has no un linked  p a r t  i s  c a l le d  " linked  graph” . The un linked  
p a r t s  of a graph r e p re s e n t  d isconnected  vacuum p ro c e s se s .  In  
f i g s ,  5 the  un linked  p a r t s  give J*irst ^nd second o rd e r  vacuum 
p rocesses  r e s p e c t iv e ly .  I f  we cons ider  a l l  the  term s in  th e  
expansion of (J  ^ i n  e q u a tio n  (2 .13) we can s p l i t  th e  l in k e d  and 
un linked  p a r t s  in to  two f a c t o r s ,  one of which i s  th e  sum of 
a l l  o rders  of l in k e d  diagrams and the  o th e r  i s  the  sum of a l l  
o rd e rs  of vacuum p ro c e s se s .  So the  t o t a l  t r a n s i t i o n  ampli­
tude fo r  going from s t a t e  to  ^  w i l l  be g iven by
( 2 . 2 0 )
where ^ 10 vacuum -expectation value of U^
while  ^ i s  r e p re se n te d  by connected graphs of
s c a t t e r in g  p rocess  on ly .
’Ufa c?n now w ri te  down the  expansion of or and
AE i n  terms of Feynman g raphs . The vacuum & i s  not drawn
in  the graph, so th a t  th e re  rh - -*—. w i l l  be no f re o  l i n . s  a t  the
bottom of the  graphs appearing  in  th e  expansions o f  *ilr o r
— o
AC . 3ach graph w i l l  c o n s is t  of a number of open loops of 
p a r t i c l e  or hole l i n e s ,  c losed  loops e t c .  From the a n a ly s is  
o f  the  p roducts  of o p e ra to rs  by Wick’ s a lg eb ra  we have the 
fo llow ing  ru le  f o r  the  graphs appearing i n  and AE  .
For each graph m u lt ip ly  th e  and \J -m a tr ix  elem ents as they
f a c t o r s  and a
2 f
t£> o{ t
appear in  th e  graph and the e  and -e 
f a c t o r  [~ |J  where k  i s  th e  number o f  in t e r n a l  h o le
l i n e s  and i  th e  number o f c lo se d  lo o p s .  A p a s s iv e  u n e x c it ­
ed p a r t i c l e  loop  as in  f i g .  4 (a )  c o n tr ib u te s  a p lu s  s ig n ,  
cou n tin g  as one h o le  l in e  and one c lo se d  lo o p , w h ile  f i g .  
4 (b )  has a minus s ig n  having two h o le  l i n e s  and one c lo s e d  
lo o p . E(Xch V m a tr ix  elem ent has a minus s ig n  a tta ch ed  
s in c e  i t  occu rs w ith  a minus s ig n  in  II-,. There w i l l  be crea ­
t io n  and a n n ih i la t io n  op erators corresp on d in g  to  p a r t i c l e  or  
h o le  l i n e s  at th e  end o f each open lo o p . F in a l ly ,  th e  tim e  
in t e g r a t io n s  are c a r r ie d  o u t. For la b e l l i n g  the graphs we 
ig n o re  the P a u li  e x c lu s io n  p r in c ip le  in  th e  in te r m e d ia te  
s t a t e s .  The major e f f e c t s  o f e x c lu s io n  are a lrea d y  ta k en  
in to  account by th e  ‘ h o le ’ p ic tu r e  d e sc r ib e d  b e fo r e . The 
r e s t  must not be in c lu d e d . In  f a c t  a l l  graphs which c o n tr a ­
d ic t  the e x c lu s io n  p r in c ip le  are e x a c t ly  c a n c e l le d  by t h e i r  
exchange grap h s.
From e q u a tio n  (2 .2 0 )  and the d is c u s s io n s  fo llo w in g  i t ,  i t  i s  
e a s i l y  seen  th a t  a f t e r  time in te g r a t io n s  have been c a r r ie d  
ou t the exp an sion  o f  \^ 0 g iv en  by e q u a tio n  ( 2 .1 2 )  i s  th a t  
ob ta in ed  by ap p ly in g  the ru les  o f p roceed in g  paragraph on ly  
to  the sum o f  a l l  th e  lin k ed  graphs o f  . T h is i s
because th e  o th e r  f a c t o r  in  the num erator o f  e q u a tio n  (2 .1 2 )
arising from unlinked graphs of $ 0 is exactly can­
celled out by the vacuum amplitude factor §> a J (J^ J ^  dy>
already present in the denominator of the expression (2.12)
for Y  
of °
as given by the adiabatic theorem. The final form
can thus be written as
H - -----H, - ------- H, §.
*.-",*(2.21)
where £ means that the terms are to be enumerated by the 
L
linked graphs only. This equation gives the “Linked cluster 
expansion” of ^  ^  cannot occur as an intermediate state
in a linked graph as the part of the graph below that inter­
mediate state would be an unlinked part. Since we have 
assumed the ground state ^ to be non-degenerate, all the 
intermediate states have energies greater than £ t . The limit 
in equation (2.21) can be taken by putting ^ = 0. Thus we 
can rewrite the expansion (2.21) as
t = V  ( £ t!us2)
The linked cluster expansion for the energy shift AE can 
similarly be obtained from equation (2.17) and wi written as
A£ - (2.23)
2 -7
where now ^  means summed over a l l  connected graphs l e a d ­
ing from vacuum to  vacuum, i . e .  from <Jü to  <§q , w ith  no e x ­
t e r n a l  l i n e s  in  the graph.
i t  may be noted here  th a t  the energy denom inators appearing 
i n  eq u a tio n s  (2 .22 )  and (2.23) are th e  d i f f e re n c e s  between 
th e  model e n e rg ie s  o f  the ground s t a t e  and in te rm e d ia te  
s t a t e s  which are th e  a lg eb ra ic  sums of s in g le  p a r t i c l e  e n e r ­
g ie s .
I t  was mentioned befo re  th a t  the ex c lu s io n  p r in c ip l e  i s  to  
be ignored  while l a b e l l i n g  the graphs, because a l l  th e  graphs 
which v io la t e  the ex c lu s io n  p r in c ip le  are e x a c t ly  ca n c e lle d  
by t h e i r  exchange g raphs . But t h i s  i s  t ru e  as long as a l l  th e  
graphs as w ell as t h e i r  exchanges are inc luded  i n  th e  summa- 
bion. In  the l in k e d  c lu s te r  expansions, however, t h i s  con­
d i t io n  i s  no t s a t i s f i e d .  For example, a f t e r  removing the  un­
l in k e d  graphs, one removes f i g . 6 ( a ) ,  and i s  l e f t  w ith  f i g . 6 
(b ) ,  which co n ta in s  the s tran g e  fe a tu re  of two p a r t i c l e s  in  
the same s t a t e  v io la t in g  the P a u l i  p r in c ip l e  i n  th e
in te rm e d ia te  s t a t e .  Thus, in  the  l in k e d  c l u s t e r  expansion , 
- . e . ,  a f t e r  removal o f  d isconnected  vacuum graphs, e x c lu s io n  
p r in c ip l e  no longer  holds i n  the  in te rm e d ia te  s t a t e s  and one 
can have e q u a l ly  w e ll  two p a r t i c l e s  i n  a norm ally  empty s t a t e  
and two ho les  i n  a norm ally  occupied s t a t e  and t h a t  t h e r e  w i l l
no lo n g e r be any c a n c e lla t io n  o f e x c lu s io n  p r in c ip le  v io ­
l a t in g  g raphs.
The
The energy £  r  E0+AE and the wave fu n c tio n  Ip* correspond 
to  an ex ac t s o lu t io n  of a many-body problem  of a nucleus in  
i t s  ground s t a t e ,  where £ and are r e la te d  by th e  Schrö­
d in g er eq u a tio n  (2 .1 5 ) , and 'Vjf and AE  are g iven  by equa­
t io n s  (2 .2 2 ) and (2 .2 3 ) r e s p e c tiv e ly . I t  should  be noted  
th a t  eq u a tio n s  (2 .2 2 ) , (2 .23) and (2 .16 ) c o n s t i tu te  a so lu -  
t io n  of th e  many-body problem reg a ijle ss  of the choice o f the 
s in g le  p a r t i c l e  p o te n t ia l  V, so th a t  one can d e fin e  V in  
some s u i ta b le  manners to  serve d i f f e r e n t  purposes# However, 
th e  expansions o f and A E  are in  tlie form of i n f i n i t e  
s e r ie s  in  powers of m a trix  elem ents of 'O' and V and th o se  
expansions are m eaningful only when th ey  are convergent and 
i t  i s  only  th en  El = £ 0 + 4 f  and correspond  to  a p h y s ic a l 
s o lu t io n  of a many-body problem . 3o, one p o s s ib le  way of 
removing the  a r b i t r a r in e s s  o f V w i l l  be to  choose V in  
such a way so as to  make those expansions ra p id ly  convergent 
such th a t  a f i r s t  f evj term s in  the  expansions need only be 
co n s id e red . By s u i ta b le  choices of 7 we can a r r iv e  a t 
H artree-F ock  and Bruackner methods.
2 ^
h a r t  re a - Fo ck me t  ho d
(2 .24)  
i s  over
The s t a t e s  ^  are determined by
{ T + V ) t  -  £ * t  (2-25>
i q u a t i c n s  (2 .24)  and (2.25) are the H ar tree -Fock  s e l f - c o n ­
s i s t e n t  e q u a t io n s .
We def ine  V as given by
(viviv)-  2  - < ird v) ^ ) j
where |x^ > i s  a s t a t e  forming 
a l l  u nexc i ted  s t a t e s .
The summation
This d e f i n i t i o n  ensures  the complete d isappearance  of the  
V - i n t a r a c t io n s  and the  i n t e r a c t i o n s  w ith  pass ive  unexc i ted  
s t a t e s  from a l l  graphs except the connected c losed  p a r t s  i n  
figs. 4 .  F ig .  4 (a )  co n t r ib u te s  - V/_<(V|v I w h i l e  f i g s .  4(b)
Y \
and 4 (c )  c o n t r ib u t e
i y  * » )  -  = 1 F <  M v | * )  (2 .26)
when summed over  a l l  d i s t i n c t  p o s s i b i l i t i e s .
Thus, to  the
£ =  C






Since the H.F. definition of V completely removes all 
the V-interactions and interactions with passive unexcited 
particles in all order, the higher order correction terms 
to AE is obtained by summing only over vacuum-vacuum linked 
diagrams with no V-interaction and interactions with par­
ticles in the passive unexcited states. Some such graphs 
are shown in fig. 7.
Thus we see that the H.F. definition of the single particle 
potential V reduces greatly the number of terms to be 
summed over finally and as such it enhances the rapidity 
of convergence of the expansions (2.22) and (2.23) by 
bringing in the cancellation of a large number of diagrams. 
The discussion of H.F. approximation as made above also 
makes a good example to show the importance of the role of 
the single particle potential in bringing out the success 
of a many-body theory.
3 I
Brueckner Theory
The nany-body th eo ry  of nuc leus , as developed by Brueckner 
and o th e rs  takes  in to  account any number of i n t e r a c t i o n s  
between two nuc leous . In  o th e r  words, i t  ta k es  in to  account 
th e  diagrams of a l l  o rd e rs  connecting  the same p a i r  of p a r ­
t i c l e s  a t  once. For example, when two p a r t i c l e s  s c a t t e r  from 
th e  s t a t e s  | ^ )  and f*) to  the s t a t e s  If») and ( ? )  r e s ­
p e c t iv e ly ,  what one should take  i s  the  sum of a l l  diagrams 
o f  the  form as i n  f i g ,  8 at a t im e. These diagrams are c a l le d  
la d d e r s .  Whenever a diagram of two p a r t i c l e  l i n o s  are con­
nec ted  by i n t e r a c t i o n  l i n e s ,  l ik e  the rungs of a la d d e r ,  w ith  
no th ing  e l s e  happening to  the  p a r t i c l e s  in  between th e  i n t e r ­
a c t io n  i t  w i l l  be be c a l l s d  a la d d e r  diagram of the  two p a r ­
t i c l e s  and the  o rd e r  of a 1 :AJUr diagram w i l l  be one l e s s  than  
the  number of rungs in  i t .  The sum of a l l  o rder  la d d e r  d ia ­
grams of two p a r t i c l e s  i s  c a l le d  the r e a c t io n  m a tr ix  of the 
two p a r t i c l e s  and may be w r i t te n  as
* = l  ” ( f  • l2-29)
A graph w i l l  be c a l l e d  i r r e d u c ib le  i f  i t  does no t c o n ta in  
la d d e rs  of  type of f i g .  8 .
The nucleon-nucleon  p o t e n t i a l  seems to  have a re p u ls iv e  core 







choose V by the  H.F. method, as the m a trix  elem ents of 15- 
w i l l  have i n f i n i t e  c o n tr ib u tio n s  from th e  co re . Bruecknar 
th e o ry  re p la c e s  by a r e a c tio n  m a trix  X • The aq . (2 .29 ) 
may be regarded  as the s o lu t io n  of the in te g r a l  eq u a tio n  fo r  
th e  r e a c t io n  m a tr ix  which i s
K = V +- ^ (2 .3 0 )
k - a '  *1 o
W ith 't? rep la ced  by j< we s h a l l  get f i n i t e  r e s u l t s  even fo r  
in te r a c t io n s  w ith  re p u ls iv e  co res . Thus, i t  i s  p o s s ib le  to  
d e fin e  the  s in g le  p a r t i c l e  p o te n t ia l  V in  term s of K- matri­
ces in  a manner analogous to  th a t  in  the  H.F* th e o ry . Also,
V can be chosen in  such a manner th a t  when a l l  the  ^ - i n t e r ­
a c tio n s  are  rep la ced  by the  \( - in te r a c t io n s ,  the  r e s u l t in g  ex­
p an s io n s o f ^  and AE in  term s of K -m atrices are very  
ra p id ly  converg ing .
Thus, in  th e  Bruecknar th e o ry , in  p lace of ^ and \J in  d ia ­
grams, we s h a l l  work w ith  K and V diagram s. In  a diagram  
K - in te ra c t io n s  w i l l  be rep re se n ted  by wavy l i n e s .
The d iag o n a l elem ents o f K -in te ra c tio n s  w ith in  the  s t a t e s  o f 
^  w i l l  be re p re se n te d  as in  f i g .  9 and the corresponding  
m a tr ix  elem ent i s  given by
+1 <\ VkH  (2 .3 1 )
F ig . 9 i s  a c tu a l ly  the sum of diagrams of a l l  o rd e rs  as in  




(2 *3 2 )
To in c lu d e  th e  e f f e c t  o f  a l l  th e  o th e r  p a r t i c le s  and h o le s  
p re s e n t on a p a i r  w i th  K - in te r a c t io n  be tw een them , we w r i t e  
th e  K - m a t r ix  e q u a t io n  as
K * )  = ( H b l K ^)  +
j
Fc -  H,
(2 .3 3 )
where K now depends on ( § E  ) w h ic h  i s  d e f in e d  th ro u g h
£VHo - £■• r  _ E:  -£ £ EO 1 ' t > — - M '  K  t  )  ~  ) (2 *3 4 )
&£  i s  th e  e x c i t a t io n  energy o f  th e  com ple te  in te rm e d ia te  
s ta te  a t th e  b e g in n in g  o f  th e  in t e r a c t io n *  The e x c i t a t io n  
e n e rg y  i s  g iv e n  by th e  sun o f  th e  e n e rg ie s  o f  th e  o ccu p ie d  
e x c ite d  s ta te s  m inus th e  sun o f  th e  e n e rg ie s  o f  th e  u n e x c ite d  
s ta te s  i n  w h ic h  th e re  are h o le s *  Thus %£ = 0  f o r  th e
K -d ia g ra m  i n  f ig * 9 *  ;Va can f i n a l l y  w r i t e  down th e  s e r ie s  




A E  - t<h|H3'Frr_HiJ Ih)
(2 .3 5 )
(2 .3 6 )
who ra
(2 .3 7 )
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l'iie summation convention in  eq . (2 .37) i s  th e  same as th a t  
i n  (2 .1 1 )  and &£ of K( ££  ) depends on th e  diagram  of 
k - in te r a c t io n  considered  in  the summation. The summation in  
eq s . (2 .3 5 ) and (2 .3 6 ) are f r o m U - o t o  oc and sum over A,  
means th a t  the  summation i s  r e s t r i c t e d  to  the  i r r e d u c ib le  
l in k e d  graphs o n ly . From the d e f in i t io n  o f K - in te r a c tio n  i t  
i s  c le a r  th a t  th e re  cannot be a la d d e r  of K -in te n a c tio n s .
f u r  ta s k  now i s  to  choose V in  such a way th a t  the  expansions 
become u s e fu l ,  upto  f i r s t  o rder in  II2 we have
rr Et + A£U>
K ^
(2 .3 8 )
Wa have to  choose V in  such a way th a t  i t  c an ce ls  the  X - in te r  
- a c t io n s  w ith  p ass iv e  u n ex c ited  p a r t i c l e s .  However, u n lik e  in  
th e  H.F. c a se , here th e  c a n c e lla t io n  cannot be complete because 
of th e  dependence o f K on which in  many cases i s  not zero.
The b e s t  we can do i s  to  choose some average value o f £ £  
a p p ro p r ia te  to  the  m a trix  elem ents of K to  be ev a lu a ted  and 
d e fin e  \J l i jc e m s  o f K fo r some mean e x c i ta t io n  energy 
u n le s s ,  of cou rse , $£ = 0 . Thus one can have a d e f in i t io n  
o f V as
/  I I . v h  n A. I f y  V T  I v v v  \  V v \  \
(2 .3 9 )
3  4'
where &E = 0 when the s t a t e s  \ ^ y  or bo th  | r )  and j ^
are u n ex c ited  s t a t e s  and $ E -  mean two p a r t i c l e  e x c i t a ­
t io n  energy where both  the  s t a t e s  ('vn  ^ and | t ^  are ex­
c i t e d  s ta te s *  Though one cannot be sure th a t  t h i s  i s  the  
b e s t  d e f in i t i o n  of V > i t  seams to  be a reasonab ly  good 
d e f in i t i o n ,  s ince  i t  guaran tees  the sm allness of h ig h e r  
o rd e r  terms* Over and above the  H.F. s e l f - c o n s i s te n c y ,  
th e re  i s  an a d d i t io n a l  requirement of s e l f - c o n s i s te n c y  a r i s ­
ing from the d e f i n i t i o n  of the r e a c t io n  m a tr ix  K by eq* (2 .30)
)
which re q u ire s  th e  whole of the energy spectrum £7* S of eq. 
( 2 , 2 5 )  to  be known beforehand .
So we have here a s e l f - c o n s is te n c y  between V > S a n d l n  s
of the  s in g le  p a r t i c l e  problem. This new s e l f - c o n s i s te n c y
i s  very im portan t i n  Brueckner*s th e o ry . Since i t  i s  very
d i f f i c u l t  to work <ith such a s e l f - c o n s is te n c y  problem Brueck-
o
n e r  and co-workers 0 used an approximation wnich helped to  
overcome t h i s  d i f f i c u l t y .  The energy d i f f e re n c e s  appearing 
in  the energy denom inator are q u ite  l a r g e .  So they  w i l l  
correspond to  q u i te  small w avelengths. I f  the  n u c le a r  den­
s i t y  i s  slowly vary ing  over d is ta n c e s  of t h i s  s i z e ,  then  the 
values of the e x c i t a t i o n  en e rg ies  can be rep laced  by those  
of a spectrum ap p ro p ria te -^ -  to a uniform  medium at the  l o c a l  
d e n s i ty .
space so th a t  the approxim ation could be u t i l i s e d  and used 
the  F o u rie r  tran sfo rm
3q. (2*40) d e fin e s  t h a t  coord inate  space o p e ra to r  whose expec 
t a t io n  value tak en  w ith  re sp e c t to  the  e ig e n s ta te s  of the  
f i n i t e  n ucleus determ ines the in te r a c t io n  e n e rg ie s .
We n o tic e  i n  our d isc u ss io n s  of H.F. and Bruackner th e o r ie s  
thoitii.F . th eo ry  i s  on ly  a p a r t ic u la r  case of Bruackner th eo ry  
and H.F. th eo ry  i s  o b ta in ed  from Brueckner th eo ry  by maiding 
crude approxim ations l ik e  rep lac in g  by ^  and K by 19 .
3. Review of some Fermi-lhomas models in  N uclear P hysics 
I t  i s  w ell known th a t  In  the case of atoms th e re  e x i s t s  an
(2 .4 0 )
approxim ation to  the  H artree-F ock  one when the  term s in  th e  
energy e x p re ss io n  are w r i t te n  as fu n c tio n s  of d e n s ity .
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This approximation, the so-chil3d Fermi-Thomas method, r e ­
q u i r e s ’ the d e n s i ty  at any po in t  to  vary  slowly over an e l e c ­
t r o n  wavelength. Though the Fermi-Thomas method i s  l e s s  
accu ra te  than  the  Hartree-Fock method, i t  has the adv antage
' w '
of  being very simple and hence i t s  importance.  To ge t  the 
Fermi-Thomas eq ua t ion  we w ri te  down the  ex p re s s io n  f o r  the  
t o t a l  energy f o r  an atom
s i t y  and V the  t o t a l  Coulomb p o t e n t i a l  at  R , On minimizing 
3 w ith  r e sp e c t  to  v a r i a t i o n s  of the d e n s i ty  f  , su b je c t  to  
the  co n d i t io n  th a t  the t o t a l  number A of e l e c t r o n s  s h a l l  re -
£  -  C (3 .1 )
w i th  C = , where f  i s  the  p a r t i c l e  den-
main c o n s tan t ,  we g e t  the equation^ energy d e n s i ty  as
for
(3 .2 )
y ,  i s  the Iogrange m u l t i p l i e r .
Combining equa t ion  (3 .2 )  w ith  Po isson’ s eq u a t io n
V V  =  4lTe f (3 .3 )






In case of atoms, i.e. for problems involving many electrons,
\ottt
this situation has been^explored. Improvements with inclusion 
of exchange and surface corrections have also been made.
Situation is not so clear cut in case of nuclei. Several 
persons have applied the F.T. method to problems involving 
many nucleons. In most of these works thesnergy expression 
is written down more or less from semi-empirical considerations. 
Also, these authors mostly use trial density functions to mini­
mise the*nergy of the nucleus which is expressed as a function 
of the density. The assumed density functions vary from Gaus­
sian and Saxon-Wood to trapezoidal type profiles.
a) In the work of Gombas the«nergy is written in the form
where the first term in the integrand consists of the poten­
tial and kinetic energy densities in nuclear matter and 
the second term is the Weizsäcker correction to kinetic energy. 
By choosing a functional form for the density, the energy of
E = (3.6)
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the nuc leus  can he minimi sad by varying param eters  i n  the 
d e n s i ty  f u n c t io n ,  Gombas t r i e d  se v e ra l  two-body p o t e n t i a l s ,  
but worked e s p e c i a l l y  with Yukawa p o t e n t i a l s .  S a tu r a t i o n  
was o b ta in ed  by exchange. The s t r e n g th  of the  i n t e r a c t i o n  
was l e f t  as an ad ju s tab le  param eter .  Gombas was able to  f i t  
b ind ing  e n e r g i e s ,  inc lud ing  su r face  e f f e c t s ,  over  the e n t i r e  
range of n u c l e a r  masses f a i r l y  well  w ith  on ly  one a d ju s ta b le  
pa ram ete r .  His d en s i ty  d i s t r i b u t i o n s ,  however, were u n rea ­
l i s t i c .  He ob ta ined  Gaussian p r e f i l e s  f o r  l i g h t  and. medium 
weight n u c l e i ,  and s l i g h t l y  f l a t t e n e d  Gaussians f o r  the  heavy 
n u c l e i .  The c e n t r a l  dens i ty  was an order-o f-m agnitude  g r e a t e r  
th an  observed.
b) Berg and W i le t s  considered the energy ex p ress io n  i n  the
where they  in t ro d u ced  a param eter"?  m u l t ip ly in g  th e  Weisza­
cke r  energy term with  values between V 2 and V8 which depend 
on the  p o t e n t i a l  one u se s .  Minimising the energy (3 .7 )  w ith  
r e s p e c t  to  f  , s u b je c t  to  the co n d i t io n  t h a t  the t o t a l  number
form
(3 .7 )
remains f ix e d ,  Berg and W ile t s  got
th e  d i f f e r e n t i a l  equa t ion
(3 .8 )
where \A--f and E 0 i s  the  Lagrange m u l t i p l i e r .
To s a t i s f y  the s a t u r a t i o n  cond i t ions  they  took the form of
1*
(3 .9 )
which provide a n a l y t i c a l  s o lu t io n s  f o r  eq. ( 3 .8 ) .  The den­





a  r  % T h  im \ e t \J _
(3 .10)
’V i le t s  extended t h i s  method to the  case of unequal numbers 
of  neu trons  and p ro tons  with Coulomb e f f e c t s  taken  i n t o  
account,  the  p r i n c i p l e  of the method being the same as i n  
the  p rev ious  one. I f  s tands f o r  X (neu trons)  o r  p ro ­
t o n s ) ,  we can w r i t e ,  following 'Vilets  the  coupled d i f f e r e n t ­
i a l  equa t ions  corresponding to  eq. (3 .8 )  as
7“- + AA -= (3.11)
The energy d en s i ty  g i s  assumed to  be of the  form
K, I»
+  . (3' 12)
The fu n c t io n  ? w ith  f  - , i s  taken  equal to  the
i n  eq. ( 3 .9 ) .  The second term g ives  the  n u c l e a r  sym­
metry  energy and the t h i r d  term r e p r e s e n t s  the  Coulomb energy.
Num erical in te g r a t io n  of the coupled d i f f e r e n t i a l  eq u a tio n s  
(3 .11 ) le a d s  to  n eu tro n  and p ro to n  d i s t r ib u t io n s  which give 
q u ite  good 90$ -  10$ fa ll-o f f  d is ta n c e s .  S in ce , however,
th e se  r e s u l t s  were o b ta in ed  in  the s e m i- in f in i te  approxima-
z j^-
t i c n  by p u ttin g  "V r  , we should be a l i t t l e  wary about
<d R*
th en .
14c) Skyrme s ta r te d  w ith  the b a s ic  id e a s  o f Brueckner* s s e l f  
c o n s is te n t n u c lea r  model. A fte r making a number of appro x i 
n a t io n s  he f i n a l l y  chose, in  a more o r l e s s  ad hoc manner, 
the  f e r n form of th e  energy d e n s ity  as
8  = f r 6 1(i- f / r c) z ~  + i (3.i3)
where and B are c o n s ta n t.
Using th e  d im ension less v a r ia b le  ^ r  f j f t  and p u tt in g  
- j b f o j f o  -  } and a f t e r  m inim izing the  t o t a l  energy su b je c t
to  th e  no rm alising  c o n d itio n  -  f \  , he g e ts  the
d i f f e r e n t i a l  e q u a tio n
where \  i s  the  Lagrange m u l t ip l ie r .
Like W ile ts , Skyrme a lso  uses the  s e m i- in f in i te  approxim ation
2- j }  ,
w ith  V -  —- w hich has the  same d e f /e c t .dt /
d) F in a l e r  " ,  i n  h i s  work, assumed a s t a t i c ,  charge indepen­
15
dent ,  s c a l a r  meson p o t e n t i a l .  In  h i s  energy ex p ress io n ,  he 
inc luded  the Fermi type k i n e t i c  energy along w ith  i t s  Weiz­
säcker  c o r r e c t io n  and bo th  the o rd in a ry  and exchange Coulomb 
e n e rg ie s .  Lime most o th e r  authors F in d le r  a lso  minimized 
the t o t a l  energy which is^writ ten i n  terms of  d e n s i ty .  He 
chose the t r i a l  d en s i ty  fu n c t io n  as a Gaussion fu n c t io n .
e) Of the  more recen t  works, the sem i-em pir ica l  s t a t i s t i c a l
method of W i le t s ,  with the use of  t r i a l  nucleon d e n s i t i e s
16has been used by Bodmer to  i n v e s t i g a t e  the  nucleon d e n s i ty  
d i s t r i b u t i o n s  and t h e i r  r e l a t i o n  with the sem i-em pir ica l  mass 
formula.  A y re s ^  e t  a l .  assumed a t r a p e z o id a l  d e n s i ty  d i s ­
t r i b u t i o n  and did not ca r ry  out the m in im iza t ion  of th e ^ n e r -
T Q
gy ex p res s io n  completely .  Rodberg and T e p l i t z  s t a r t e d  from 
the K-matrix  theo ry  of Brueckner and o t h e r s .  They used an 
amplitude and frequency modulated plane wave fo r  the  s p a t i a l  
p a r t  of the wave fu n c t io n  w r i t t e n  as
R esu l ts  ob ta ined  by minimising the energy ex p re s s io n  using the  
t r i a l  fu n c t io n  (3 .15)  and the ’’g e n e ra l i s e d  Gaussian“ d e n s i ty  
fu n c t io n
(3.15)
(3.16)
gave a binding energy which i s  too low, a r a d iu s  which i s  too
s n a i l  and a n u c le a r  surface  which i s  too d i f f u s e .
I n  t h i s  work we have t r i e d  to  develop a F.T, type method 
where Brueckner* s K-m atr ix  theo ry  has been used.  Our d i f ­
f e r e n t i a l  eq u a t io n  i s  ob ta ined  from a v a r i a t i o n a l  p r i n c i p l e ,  
and the  energy i s  minimised f u l l y  w ith  re sp e c t  to  a l l  a r b i ­
t r a r y  param eters  t h a t  e n t e r  through the  boundary co n d i t io n s .
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CHAPTER II
The Dirac density matrix
1- It has been realised for some time that the Dirac density 
matrix can be used quite successfully to many-fermion ground 
state problems. It also provides a tool for improved formula' 
tions of the Fermi-Thomas method.
Let y- ( v * )  , where b * ..., be a complete set of ortho-
normal single-particle wave function in some potential f  
as yet unspecified. Then the density metrix for the system 
is defined as
where is the number of particles occupying the state S ♦
In consequence of the exclusion principle the eigenvalues of 
the n s are 0 and 1 and so the matrix f  satisfies
(1.1)
f = f (1.2)
and
trace f  ^  j\ (1.3)
is the total number of particles in the system.
Usually we deal with particles interacting by two-body poten­
tials and the energy E of the system, with the above wave- 
functions, is calculated as
(1 .4 )
4 ?
E  i r  t/Usu  ^ H ? j
where H i s  the t ru e  Hamiltonian of the system. Then f [ r i ; O  
i s  to  be ad ju s ted ,  su b je c t  to  (1 .2)  and ( 1 .3 ) ,  so as to  m in i­
mise £  , and t h i s  can be done e i t h e r  by v a r i a t i o n  of the  aux i­
l i a r y  p o t e n t i a l  f t  o r  d i r e c t l y  by v a r i a t i o n  of f  (r/ >riJ .Severa l  
39authors  * have used the den s i ty  m a tr ix  to  give b e t t e r  th e o re ­
t i c a l  b a s i s  to  the F.T. method and to  improve c o r r e c t io n s  l i k e
the inhomogeneity c o r r e c t io n  of Weizsäcker to  the k i n e t i c  ener
20gy. La Couteur s t a r t e d  w i th  the model Hamiltonian
H v  - (1 .5 )
w i th  ( ; f ) = 0  (1 .6 )
where f  i s  the k i n e t i c  energy o p e ra to r .  By cons ider ing  d i f ­
f e r e n t  p o s s ib le  forms of  approximations f o r  the d e n s i ty  m a tr ix ,  
he sho^iwed t h a t  one coul^ get  the d i f f e r e n t  terms l i k e  th e  Fermi 
k i n e t i c  energy, Weizsäcker c o r r e c t io n  to  th e  k i n e t i c  energy e t c .  
In  f a c t  he showed t h a t  the  s tandard  Weizsäcker term should be
m u l t ip l i e d  by a f a c t o r  2 .  A f a c t o r  o f  about i  had been e a r l i e r
9 8
suggested e m p i r i c a l ly  by Berg and W i le t s 3 on b a s i s  of  numerical 
comparisons of the exac t  and F.T, k i n e t i c  e n e rg ie s  f o r  some 
models.
2. A u s e fu l  c r i t e r i o n  to  judge the m e r i t s  of  a F.T. d e n s i ty
Fig. 11. Comparison of density matrices for Hb* for r = 1
atomic unit. Curve a for statistical and curve b for 
Hartree-Fock density matrices are taken from Froman. 
Curve c corresponds to the modified statistical 
approximation used in the present work.
matrix is to compare it with the Hartree-Fock density matrix, 
if and when available. Fröman^1 made numerical comparison 
of the F.T. and H.F. density matrices for the case of £6+ ion 
(figs. 11 & 12). His statistical density matrix did not pro­
duce the violent oscillations and anisotropy found in the case 
of the H.F. density matrix. In order to obtain the F.T. den­
sity matrix Frornan proceeded in the following way. For the 









No completely satisfactory generalisation of these formulae
- *0.05
Fig* 12. Comparison of density matrices for Hb+ for r = 2
atomic units. Curve a for statistical and curve b for 
Hartree-Fock density matrices are taken from Frornan. 
Curve c corresponds to the modified statistical 
approximation used in the present work.
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to  the  case o f non-uni form d en s ity  i s  known. From an used 
e q s . ( 2 .1 ) ,  ( 2 .2 ) ,  (2 .3 ) w ith  Ot rep la ced  by the average of 
th e  d e n s i t ie s  %  )  and
= 2- ^  ^  t  l  — - ?i ( (2-4)
k  ^ r ;
where V are th e  norm alized su rface  harm onics and i s  th e  
angle between th e  d ire c t io n s  (0,</>) and (  $  ,  $  ) .  Comparing
e q s . (2 .1 )  and (2 .4 )  (see f ig s .  11 & 12) we see th a t  th e  den­
s i t y  m a tr ic e s  d i f f e r  v a s tly  from each o th e r .
We could t r y  to  f in d  a form of the  d e n s ity  m a trix  f o r  non-
22uniform  d e n s ity  . The idempotency c o n d itio n  (1 .2 )  im p lie s
v j f l r ' J l  ^ (2 .5 )
so t h a t  ( y I ft t 1 ) must tend to  zero as tv in  reg io n s of
low d e n s i ty .  T h is suggests th a t  (2 .1 )  be rep laced  by
( Y* | f |  rjj r: J. |  ^(r^ J ; ^ (2. 6)
w ith  ^  — j  U r  (2 .7 )
where a t each  p o in t the lo c a l  value o f th e  Fermi momentum 
k i s  u sed , and the in te g r a l  i s  over the l in e  jo in in g s*  toTr'.
The change in  th e  values of fe a r is e s  due to  th e  non-uniform  
c h a ra c te r  o f th e  system  invo lved . From aq . (2 .6 )  we can 
w r i te
where \ i s  a  s p h e r ic a l  B essel fu n c tio n . We can e a s i ly  
see th a t  p u t t in g  ^  = J means a s h i f t  in  th e  p o s i-
t io n s  of th e  zero  o f th e  d en s ity  m a trix  and th ey  come app rox i­
m ately  to  the  r ig h t  p o s i t io n s .  The a p p l ic a tio n  o f (2 .6 )  to  
Frbman*s example i s  shown in  f i g s .  (11 & 12). Eq. (2 .6 )  can 
be seen to  supply  th e  zeros and reproduce th e  o s c i l l a t io n s  
o f  ( " ? | f  \r' ) as or' approaches the  atom ic n u c leu s . Of
course i t  i s  not accu ra te  to  connect p o in ts  on o p p o site  s id e s  
o f th e  nucleus by ( 2 .6 ) ,  because of the s in g u la r i ty  of the 
CcO/lomb p o te n t i a l .  We s h a ll  see in  l a t e r  ch a p te rs  th a t  th e  
new form o f d e n s ity  m a trix  w il l  be o f g re a t use in  determ in­
ing  th e  p aram ete rs  in  the  F .T . energy e x p re s s io n s .
CHAPTER III
THE FERMI - THOMAS METHOD
inere:
8
A c c o rd in g  to  th e  K -m a tr ix  th e o ry  o f  B ru e c k n e r and o th e rs  th e  
p o t e n t ia l  en e rg y  a r is in g  fro m  th e  n u c le o n -n u c le o n  in t e r a c t io n  
i s  g iv e n  by
A E  — ^  k d- A -4 A ( i . i )
whe re
n ‘ Aj  J
^ J }
(1 .1 a )
,*.atr<&m *f* rw :,Vrja“  ** ' a . » >
W  1 ‘
k s ' e  +  <3  * t ^ P s LT) ( l * l o )
where th e  4 are s in g le - p a r t i c le  wave fu n c t io n s  in  th e  m odel
p o t e n t ia l  and the  s u b s c r ip ts  s ,e  and t , e  deno te  th e  s in g le t -
23even and t r i p le t - e v e n  p a r ts .  By exp a n d in g  each wave fu n c ­
t i o n  p a i r  4 . ( 7  ) 4  ( * * )  about th e  c e n tre -o f-m a s s  o f  p a r t i c le s  
1 and 2 one can e xp re ss  A t i n  te rm s o f  th e  n e u tro n  and p ro ­
to n  d e n s i t ie s  a t th e  p o in t  "j? , nam ely
r.o
u ? )  ^  A W=fi
c
t = p„*p>
and t h e i r  d e r iv a t iv e s ,
r e la t iv e  co o rd in a te s  are g iven
\ , (1 .2 c )  
I f  we assume th a t  th e  K -m atrix  has the form
«(??,! t ) =  S( ? - R ') K (r )  (1.3)
? "T*
and use the  B G v Y  approxim ation th a t  a t every  p o in t R ,
,) ciay be rep laced  by the value ap p ro p ria te  to  u n i­
form n u c le a r  m a tte r a t the d en s ity  f ( ?  ) ,  th en
. (1.4)
We can w rite  eq u a tio n s  ( 1 . la ,I , lb , 1.1c) as
where the  cen tre -o f-m ass  and 
by
+ , r* =
(1 .2 a )
(1 .2 b )
(1 .5 b )
nA£ k=I f tk. (i^  LJ) 0^  £ "X 41 k t, e)
f k [T+lr')f n- (f?- l r ' )  <I?4?UR (1 .5 c )
Expanding th e  s in g le - p a r t ic le  wave fu n c tio n s  S  in  eq u a tio n  
(1 .5 a )  we have t 3 A .
ac'"= ? r ;
<.c*h ?-?
........ '/
t ; )*  - J f t i + ii —  ■' j




Since the te rn s  co n ta in in g  odd powers of r  and r* v an ish  on 
in te g r a t io n  over a l l  ang les, eq . (1*6) becomes
=li(p : *i t:a ^  i c  -(!?<)&$
t* K^ ivA, Ct^ Xa. XÄaa-^ A j }^ - £
> V i  *. ♦{ t,(i r \ 7) ^ A ^ i ^ ’\ )
+ tfxbl Ä^lAw-i 1 —) . —i ,—?J. r i  r ' i  R
(1 .7 )
Si
We keep upto the 2nd derivative of <j> and neglect the higher 
derivatives; the justification of this ad hoc procedure is 
in section (5).









Proceeding in  a s im ila r  way we get the  ex p ress io n s  fo r  
and a lso  in  te rn s  of d e n s i ty  and i t s  d e r iv a t iv e s .  
So we have
4 £ , . = t . , ‘ f,“-.aU, '’-)+ ä 4 f ,
a t [ i  Jr- * ! V  4 “- ( ’ ' i f *  I r , T ,
Aß'
Aß
( 1 .9 a)




s >a.-! and a 4 are defined by eq u a tio n s  ( l .  10a & b ) ,  and
a ,  and äj are as fo l lo w s :
t 1
a i -  - 4
a t  - - r ,
\  r '
h ,e v. (1 .10c)
( l . lO d )
^ I l H |  -  Tc f \
h
We have assumed in  the above d is c u s s io n  th a t  (w ith  r  = Xi ,x*ix3j 
j 9cj K ölr^ dtr' ~  I l< x • Xj Jr*Ar;
=  3 %  4 ^ 4 '  =r 3 S’ I'j •
y ^
(1 .1 2 ) .
E q u a tio n s  (1 .9 )  are too cumbersome f o r  p r a c t i c a l  u se .  To 
s im p lify  them we assume th a t  the  r a t i o  of n eu tron  and p ro to n  
d e n s i t i e s  i s  th e  same at a l l  p o in ts  i n  th e  nucleus
W  = i f  W ; Pk («9 = * W = j (,+ <) f (*)
( 1 .1 3 a )
<L = I- Ü (1.13b)
A
vjhere f o r  s t a b l e  n a tu r a l  nu c le i  £ ranges from 0 to  0 .22 .  
In t ro d u c in g  the  q u a n t i t i e s
(X , - i  ( 4 -h ^  ) ; <a. ( at , (1.14 a)
, / s t \
l i «V - i ( a- (1.14b)
we get  the fo l low ing  express ion  f o r  the n u c lea r  p a r t  of the 
p o t e n t i a l  energy
a e :  -
J H
Ä.J -)■ t  Ä
I f )
A V X
J- f  J '-----




Coulomb p o t e n t i a l  e n e r gy
Ye c o n s id e r  on ly  th e  d i r e c t  p a r t  of the Coulomb p o t e n t i a l
energy
(1.16)
From aq . (1 .13a)
ec-- i f  ■?(.?■)!?
where th e  Coulomb p o te n t ia l  given by
s a t i s f i e s  the P o isson  eq u a tio n
K in e t ic  Energy
Only th e  F .T . e x p re s s io n  fo r  the k in e t ic  energy i s
From eq . ( i . l 3 a )
(1 .1 7 )
( l .  IB)




I t  m ight be thought t h a t  in  a th eo ry  f o r  n a tu ra l  n u c le i the  
k in e t ic  energy term  should  inc lude  e f f e c t s  a r is in g  from th e  
s u r fa c e . The most w idely  d iscu ssed  te r n  of th i s  type i s  th a t
5"  C
" 13 20d u e  t o  W e i z s ä c k e r  b u t  t h e  w o rk  o f  v a r i o u s  a u t h o r s  ’ o n
t h i s  t e r n  s u g g e s t s  t h a t  i t  i s  n o t  a v e r y  u s e f u l  c o r r e c t i o n
t o  t h e  s t a n d a r d  F . T .  e x p r e s s i o n .  (  S«jl <r£ tL io  cMjo^ ^  )
T ota l Energy D ensity
We i n t r o d u c e  a c o n v e n i e n t  u n i t  f 0 o f  d e n s i t y  and  a d i m e n ­
s i o n l e s s  v a r i a b l e  ^  s u c h  t h a t
T h e n ,  c o l l e c t i n g  v a r i o u s  e x p r e s s i o n s ,  we g e t  f o r  t h e  t o t a l
e n e r g y
E «  = I S «' ( 1. 23)
w i t h
■ j  - j L r ’1'  ( W )  f
S'r  I T  2
2
2. _
y  _  a ,  4- £ a






(1 .2 8 )
The f a c t o r  2. ( ä i  j and the o th e r  num erical f a c to r s  i n
the above eq u a tio n s  have bean chosen in  o rd e r  to  have th e  
staple s t  form f o r  the d i f f e r e n t i a l  eq u a tio n s  l a t e r .  I t  must 
be remembered a lso  th a t  4 and i have weak d e n s i ty  depend­
ences which fo llow  from d e f in i t io n s  (1 .1 0 ) .  T3q. (1 .28 )  f o r  
Vcß )  d i f f e r s  from the a c tu a l  CcUlomb p o t e n t i a l  ( l .3 S )  and 
(1.19) by a co n s tan t f a c to r  as well as in  being  expressed  in  
termsof y .
2. D iscuss ion  of the  K-m atrix  q u a n t i t i e s  o cc u rr in g
in  the  energy e x p re s s io n
<1
According to  s e c t io n  4 of BOW the d e n s i ty  dependence of 
the K -m atrix  a r i s e s  mainly from the p a r t  depending on the  
hard core and may be w r i t te n  as
^  ( P )  +  h (2 .1 )
w ith ^  Cnt (-t -  ß) j ( f )  ; (2 .2 )
where f i s  th e  e q u i l ib r iu m  d e n s i ty  of n u c le a r  m a tte r  and 
-j(f) i s  a f u n c t io n  of the form & j( 1- b j in  which cons­
ta n ts  depend on th e  sp a c e -sp in  c h a ra c te r  of the K -m atrix .
U s in g  t h i s  fo rm  o f  th e  K - n a t r ic e s  th e  q u a n t i t ie s  i n  
e q s . ( 1 . 10) may be exp ressed  as
(2 .3 )
i  o r  2. and
+ 32-
J
fo.O r2-  iA.r * *
( 2 .4 )
( 2 .5 )
The a t t r a c t i v e  p a r t  ) o f  th e  K - m a t r ix  i s  e s s e n t ia l l y
th e  a t t r a c t i v e  p a r t  o f  th e  n u c le o n -n u c le o n  p o t e n t ia l  i t s e l f  
and i s  by f a r  th e  la r g e s t  c o n t r ib u t io n  to  th e  q u a n t i t ie s  a  .
I t  i s  th u s  seen th a t  w i t h in  th e  fram ew ork  o f  th e  BGW th e o ry  
and th e  p re s e n t a p p ro x im a tio n  th e  q u a n t i t ie s  th a t  d e te rm in e  
th e  e n e rg y  are p r im a r i l y  th e  f i r s t  and second moments o f  th e  
K -m a tr ic e s .  The d e n s ity  dependence o f  th e  K -m a tr ic e s  a r is e s  
p r im a r i l y  fro m  th e  h a rd  co re  e f f e c t s  and i s  r e la t i v e l y  s m a ll.  
The q u a n t i t ie s  (X{ o f  ( 2 .3 )  are m o n o to n ic  w e a k ly  d e c re a s in g  
fu n c t io n s  o f  f  • I t  i s  p o s s ib le  to  o b ta in  th e  q u a n t i t ie s  
and I  w henever K -m a tr ic e s  are  g iv e n .
F o r s tu d y in g  th e  e f f e c t s  on th e  energy e x p re s s io n s  th e  quan­
t i t i e s  a , a z ,ä, and in t ro d u c e d  i n  e q s . (1 .1 4 )  are more
convQniQnt. I t  i s  ev ident fro r, eq. (1 .15) th a t  th e  e f f e c t  d & \  
and appears on ly  when N ^  £ i s  a second o rd er e f f e c t  
in  th e  sm all p a ra m e te r^ .  The more im portan t param eters 
are and a t ♦ In  p a rticu la r , fo r  the  n u c le a r  m a tte r  case 
th e se  are th e  on ly  param eters needed.
Kumar and B haduri23 considered  the case j  f
w ithou t any Coulomb f ie ld ;  hence in  t h e i r  case th e  ex p re ss io n  
fo r  energy was
with
c f ^ 3 -  a i f ' +  A* (vfj + i a » T f j ^  (2>6)
. . z rjj
C =3-« T -  I  h  f i \  =  3 - 6 f  ,
i
An es tim a te  o f and was made by d eterm in ing  t h e i r  
b -p a r ts  from the  a t t r a c t iv e  p a r ts  of the  p o te n t ia l s  used 
in  BGW c a lc u la t io n s .  The j ( f j  p a r t  was tak en  from th a t  
g iven by BGW and f i n a l l y  the  two Ji - p a r t s  were o b ta in ed  
by re q u ir in g  th a t  th e  n u c lea r m a tte r  be s ta b le  a t f e r o ' 2 . ^  
w ith  b ind ing  energy  per p a r t i c l e  of 15 Mev, the  l a s t  two 
q u a n t i t ie s  being th e  r e s u l t s  o b ta in ed  by BGW i n  t h e i r  more 
e la b o ra te  tre a tm e n t. The r e s u l t s  o b ta in ed  were
aI = 4 U  -  ^ 0  j(f>J (2 .7a)  
(Xt = i r ? - 4 7 f  f  -rtf'1*) . (2.7b5
In  our ca se , i f  we want to  e s tim a te  a l l  th e  fo u r  q u a n t i t ie s ,
the  s i t u a t io n  i s  not as c le a r c u t .  However, th e  dominant 
b - p a r ts  o f the  q u a n t i t ie s  are aga in  determ ined q u ite
e a s i ly  from the p o te n t ia l  g iven by BGW. To determ ine th e  
d - p a r ts  we assume th a t  th e y  are p ro p o r t io n a l  to  the  c o r re s ­
ponding b -p a r ts  and use th e  e s tim a te s  f o r  J i } and Jii from 
(2 .7 )  to  ge t th e  fo u r numbers <k . T h is  i s  ad m itted ly  
crude but the  u n c e r ta in t ie s  occur on ly  in  th e  sm all d e n s ity  
dependent p a r ts  where th e  t o t a l  change from G to  i s  a t 
most 30$. We have
| 2> -  3 ®  f ( (. f j (2 .8a)
(2.8b)
A*i  - O  4 (2 .8 c )
A   ^ = 2 6 4 - " f , W  . (2 .8d)
From (2 .8 )  and (1 .14b)
A, -  -  go  -  H f .  + 3 4 f t PS -  *0 +  ( 2 . 9 a )
< * ■ 1 - '•£ -  l M f s ‘Z . I T (2 .9 b )
a
We now n o t ic e  th a t  the  q u a n t i t i e s  a ,  and are sm all 
d i f f e re n c e s  of two r e l a t i v e l y  la rg e  q u a n t i t i e s .  Hence the  
e r r o r  in  t h e i r  d e te rm in a t io n , e s p e c ia l ly  in  d e te rm in a t io n  
o f  t h e i r  d e n s i ty  dependent p a r t  i s  l i k e l y  to  be vary  l a r g e .  
On the o th e r  hand one sees from (1 .15) th a t  i t  i s  a c tu a l ly  
th e  r a t i o s
( 2 . 10)
t h a t  are im portan t f o r  th e  energy d e n s i ty .  The va lues  obtain« 
ed here are
«X I —■• o  * 2. j  ' o \  (2.1l)
Although th e se  are r a th e r  u n c e r ta in  e s t im a te s  i t  i s  c l e a r  
th a t  t h e i r  magnitudes are sm all.  Since in  the energy e x p res ­
s io n  they  are always m u l t ip l ie d  by £  t h e i r  in f lu e n c e  i s  f u r ­
th e r  reduced. Hence we s h a l l  assume throughout t h i s  work 
t h a t  * | and are small c o n s ta n ts .  D ensity  dependent 
e f f e c t s  a r i s in g  from t h i s  source w i l l  always be n e g l ig ib l e .
Assuming and as g iven , th e re  w i l l  be th re e  param ete rs  
in  th e  energy e x p ress io n  (1 .2 4 ) ,  which may be ta k en  as 
o r  . By re q u ir in g  th a t  th e  b ind ing  energy p er
p a r t i c l e  be a minimum at th e  ©ft d e n s i ty  f c o f  n u c le a r  m a tte r  
(c o n d it io n  of Hugenholtz and Van Hove), we g e t  one r e l a t i o n  
between th e se  th ree  p a ram e te rs ,  so th a t  only  two of them
re m a in  in d e p e n d e n t
I f  we know th e  e q u i l ib r iu m  d e n s ity  and th e  b in d in g  e n e rg y  
o f  n u c le a r  m a tte r  we can th e n  f in d  o u t and and v ic e  
v e rs a .  I f  we are g iv e n  any K -m a tr ix  we can e v a lu a te  ct 1 
and (Xz s in c e  th e y  are th e  f i r s t  and second moments o f  th e  
K - m a t r ix ,  and th u s  d e te rm in e  th e  e q u i l ib r iu m  d e n s ity  and 
b in d in g  e n e rg y . I n  th e  n e x t s e c t io n  we ,are g o in g  to  f i n d  
th e  v a lu e s  o f  and u s in g  th e  K -m a tr ic e s  g iv e n  i n  BGW.
3 . a.j and a ^ f r o m  BGW K -m a tr ic e s
The ta b le s  o f  th e  K -m a tr ic e s  i n  BGW do n o t in c lu d e  th a t  
p a r t  o f  th e  c o n t r ib u t io n  due to  th e  h a rd  core  o f  th e  n u c le u s  
w h ic h  comes fro m  th e  s u r fa c e  o f  th e  c o re . T h is  c o n t r ib u t io n  
i s  g iv e n  by th e  f i r s t  te rm  on r . h . s .  o f  eq . ( 3 .2 )  i n  th e  
a p p ro x im a te  a n a ly t i c a l  e x p re s s io n  o f  BGW.
F u rth e rm o re  th e  ta b le s  c o v e r a range o f  v a lu e s  o f  V and r  ' 
fro m  0 .4  fm to  a c e r t a in  v a lu e ; o u ts id e  t h i s  ra nge  some 
a p p ro x im a tio n s  have to  be used w h ic h  w i l l  be e x p la in e d  as 
we go a lo n g .
The a  are g iv e n  as f o l lo w s :
(3 .1 a )
X r 1' = -  5  I 2 irl ^ e r \ '  J r i r
J
(3 .  lt> )
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The v a lu es  of K given in  the  ta b le s  of BGW are upto 
Y= 1 .2  fm. So, we s p l i t  up the  i n t e g r a l s  (2 .1 )  each 
in to  two p a r t s .  One p a r t  ranges from the  core ra d iu s  0 .4  
fm. to  Y = 1 .1  fm, and the  o th e r  i s  f o r  Y )  1 .1  fm. We 
take  th e  upper l i m i t  of the f i r s t  p a r t  of th e  i n t e g r a l  as 
1 .1  fm. in s te a d  of T = 1 .2  fm. on ly  f o r  s im p l ic i ty  of c a l ­
c u la t io n s ,  so t h a t  we can use Simpson* s ru le  fo r  num erical 
i n t e g r a t i o n .  The e r r o r  of course i s  very sm all.
For the  T 1 .1  fm. p a r t  of the  i n t e g r a l s  (3 .1 )  the s in g le t  
p a r t s  can be c a lc u la te d  j u s t  by us ing  th e  approximate ana- 
l y t i c a l  ex p re ss io n  f o r  the  K=matrix as g iven  in  BGW fo r  
s in g l e t  s - s t a t e
C r'lK/rJ ~ _ * ( r ' - r . )  * (r- * )
[ r - r c) W ( r ' )  +  ^  ^  +
47t r (3 .2 )
where ^  i s  the a t t r a c t i v e  p a r t  o f  the  p o t e n t i a l  and (?<•> 
i s  the  s - s t a t e  Green* s fu n c t io n  given approxim ately  by
<?a(r'Y9
H l r - r ' 1 ]
— er r '  w j-? r ?*c>7 k . (3 .3 )
For th e  t r i p l e t  s t a t e  the  K -n a tr ix  has the same form i f  v/e
assume only  s - s t a t e  i n t e r a c t i o n s .  Although t h i s  same method 
can be app lied  i n  the  t r i p l e t  ca ses ,  i t  i s  b e t t e r  to  use the  
fu n c t io n  j(r) r  i k J r '  f o r  the range T  = 1 .2  fm. to  T = 2 .0  fm.
(-f(rj being given in  the ta b le s  w ith in  t h i s  range), w hile
f b z
I KJi rJrJ i s  c a lc u la te d  by th e  use of t r a p e z o id a l  r u l e .J Oo ^
The r e s t  o f  the i n t e g r a l ,  i . e .  J k.AT’l r '  j_s c a lc u la te d  by
2-0
p u t t in g  i n  the  approximate BGW e x p ress io n  (3 .2 )  f o r  the  
K -m atrix . I t  i s  shown in  BGW t h a t  the  n o n - lo c a l  K approach­
es the  l o c a l  p o t e n t i a l  V(v) f o r  la rg e  va lues  of Y . But, as
po
Kumar and Bhaduri^ have shown by c a lc u la t in g  j  (r) =r
j  K (~y ,?')  , the  K -m atrix  i s  markedly n o n - lo c a l  and
i s  not approximated by the l o c a l  p o t e n t i a l  istr) u n t i l  upto  
a t  l e a s t  1.5 fm. So, in s te a d  o f  co n s id er in g  on ly  th e  l o c a l  
p o t e n t i a l  V(r)  , i t  i s  g e n e ra l ly  b e t t e r  to  take e x p re s s io n  
(3 .2 )  f o r  c a l c u l a t i o n s .
To f in d  th e  v a lu es  of th e  i n t e g r a l s  between y = 0 .4  fm. and 
T =  1*1 fm ., we use Simpson* s ru le  f o r  two v a r i a b le s .  In  
case o f  a, and a* the  i n t e g r a n d s  symmetric w ith  r e s p e c t  
to  y  and ^ ' ( 3 .  la )  (s in ce  K i s  symmetric i n  y and r '  ) .
Simpson’ s ru le  fo r  two v a r ia b le s  can be w r i t t e n  as
A + U  ,
*  "  *** ^  f ^ y -f- j -  / ä +  } &.
4 I £ j  ^  Ö. -f A.  ^& -f- k j
(3 .4 )
where i s  the  w id th  of the i n t e r v a l
Cs
s tIn  c a l c u l a t i n g  a  and a, we have to  f in d  the value of
the  i n t e g r a l  f k i r * l r ' , where f o r  the  s i n g l e t  case
X
x = 1 .1  fm. and f o r  the t r i p l e t  case x = 2 .0  fn .  Writ ing
a ,  as
*  _  ,<
(2 I — yO) +
as i n  equa t ion  (2 .3 )  and using  eq. ( 3 .2 ) ,  w i th  Gammel-Tha&r 
p o t e n t i a l s ,  we ge t  w ith  the  help of  eq u a t io n s  (2 .4 )  and (2 .5 )
°( f  i
/ 1 -  -  JT\ V  , T d r  —  -  77
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4 (*/ +i (3 .5b)
As mentioned p r e v io u s ly ,  f o r  the  t r i p l e t  case of a, ( t . e v af ), 












f  (T) ^  =• -  n r 2- d
y (3 .6 )
Betw eenr=  1 .1  fm. and y  = 1.2 fm. by u s ing  the t r a p e z o id a l  
ru le  we f in d h i
- 1
Jhi
ittv K vV* <Ar JLr' (3 .7 )
uFor wq have the  fo l lowing exp ress ions  f o r  th e  correspond­
ing ranges of ^
*
F Vv ~A* I it3.. + i?L_ -+  ^ !




y £ - [ rc ,rc )
y /
«If*
- _ i _  r,1- _ £  W ____
3* a. / ‘«(a *
(3 .8a )
—  j r  v r e  
8 A
x + i . ( x . - r K•b V. r* 2. 2 X ___ 2 _
^  + t  ( A +j j 8b)
For s i n g l e t  case ( a* )? x  )> 1#1 fm., and f o r  t r i p l e t  case
( ä |  ) x > 2 .0  fm.
Also, be tweenT=l»2  and 2 .0  fm s. ,  f o r  t r i p l e t  case
-  Lj K r ' in*  = - i f  ftrir'i,
n  >z  ;
and between 1 .1  and 1 .2  fm s. ,  we f in d
(3 .9 )
! •  2.
f




P u t t i n g  ^  i n  eqs .  (3 .4 )  as *1 fm. and using  Gammel-Thai^r 
p o t e n t i a l s  as g iven  i n  BGW, we get
a
$ f  s t
a, = 239, a, = 197, tf2 = 149, 65.
U sing r e la t io n s  (1 .1 4 a ) , we f in a l l y  get
3 5d  , » 327 M ev.fn. ; ^ 2.= 160 Mev.fm.
Moszkowski and S c o t t24 have c a r r ie d  ou t n u c le a r  n a t t e r  
c a lc u la t io n s  in  momentum space* These a lso  invo lve  th e  
volume in te g r a l  of the  BGW K -m atrix  and so can be used to  
p rov ide a d e s ira b le  check on the above e s tim a te  of a, .
To compare ■with Moszkowski and Scott*  s c a lc u la t io n , we s t a r t  
from t h e i r  d e f in i t io n  of K ( b , |> )
i(7.x*+ i>,-r
{(?,?)=] K ( " ' ^  e  (3 .11 )
So, 4'
k ( o , o )  ^ (3 .1 2 )
/ I s o ,
4 ^
-  _  3. (  K ^ r ' J ^ A r ' (3 .1 3 )
I f  we c o n s id e r  on ly  th e  s in g le t  p a r t  e e  o f th e  K -n a tr ix , we
can w rite
k 5( o , o)  s r  J  k s ^ A r '
_ o C (3 .14 )
(3 .15 )
and have th e  r e la t io n
(3 *1 6 )
( a , ) i s  d e f in e d  i n  a s l i g h t l y  d i f f e r e n t  way fro m  
i n  eq . (3 .1 a )  i n  th e  sense th a t
(a  I ^  -  i  _ (3 .1 7 )
( ) i s  o f  cou rse  th e  s in g le t  p a r t  o f  a , .
s
P u t t in g  0-, = 239, as fo u n d  b e fo re ,  i n  eq . (3 .1 6 )  we g e t
-  _ Cj 5*6 (3 .1 8 )
T h is  v a lu e  o f  K $ ( o , ö ) i s  q u i te  c lo s e  to  th e  v a lu e  
1000 Mev c a lc u la te d  by M oszkow shi and S c o t t  (see t h e i r  
f i g .  8 )  and so p ro v id e s  a v e r i f i c a t i o n  f o r  th e  r e s u l t  ob­
ta in e d  by u s .
2 ?
4 . C o n d it io n  o f  H u g e n h o ltz  and Van Hove
To d e te rm in e  th e  e q u i l ib r iu m  d e n s ity  fo and th e  b in d in g  
e n e rg y  p e r  p a r t i c l e  A i n  n u c le a r  m a t te r ,  we make use o f  
th e  H u g e n h o ltz  and Van Hove c o n d i t io n  th a t  th e  b in d in g  e n e rg y  
p e r  p a r t i c l e  i n  n u c le a r  m a t te r  be m inim um . So, we have
( 4 .1 )
itm
Jr
Using eq s . (2 .6 )  and (4 .2 )  we get f o r  th e  n u c le a r  n a t t e r
Knowing and we can f in d  ^ and f = f 0 (aq u ilib r iu m  den­
s i t y )  .
U sing the  v a lu es o f # ,and <XZ o b ta in ed  in  s e c t io n  3 of t h i s  
ch ap te r we get the Values of and \  as
which are v a s t ly  d i f f e r e n t  f ro n  the  r e s u l t  o b ta in ed  by 
Brueckner e t . a l .
T h is  d isc rep an cy  would seen to  c a s t s tro n g  doubts on th e  
v a l id i ty  o f the sim ple energy form ula
which was suggested  by th e  f i r s t  two te rn s  of a power s e r ie s  
expansion , but we s h a l l  see th a t  the n a t t e r  can be pu t r ig h t  
by more c a re fu l  d e f in i t io n s  of a, and .
Ye r e c a l l  th a t  eq . (4 .4 )  f o r  the n u c le a r  n a t t e r  case w ith  
N = z i s  o b ta in ed  by expanding the  H .F. l i k e  energy  ex p re s ­
s io n  (compare s e c . l )
( 4 .3a)




where i  and j are s in g le  p a r t i c l e  spac9 s t a t e s  and k  i s  th e  
e f f e c t i v e  i n t e r a c t i o n  summed over sp in s ,  o r  in  the n o ta t io n  
of the p rev io u s  se c t io n s  of t h i s  c h a p te r ,
A c tu a lly , we have a s e r i e s  in  ( k FJ /* ) which d iv e rg e s  fo r
va lues  u s u a l ly  involved  ( yu. i s  the  in v e rse  range of th e  
e f f e c t i v e  p o t e n t i a l ) .  I t  i s  shown in  the  fo llow ing  s e c t io n  
(se c .  5) t h a t  i t  i s  p o s s ib le  to  give an approximate j u s t i ­
f i c a t i o n  fo r  th e  forms (4 .4 )  and (4 .7 )  w ithou t invoking  the  
s e r ie s  expansion .
5. J u s t i f i c a t i o n  of the approximate form of n u c le a r  
p o t e n t i a l  en e rg y ^
The a  i n  eq . (4 .4 )  are d ef ined  by
✓
(4 .7 a )
(4 .7b )
^  J -  <3. 2 . (4 .7 c )
U) In  term s of the  s in g le  p a r t i c l e  d e n s i ty  m a tr ix
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f (??;) = Z t p l i i p ' )  -
L
= 2 f f  (?,Z') ( 5 .1 )
where th e  s u b s c r ip ts  r e f e r  t o  n e u tro n s  and p ro to n s .
The p o t e n t ia l  en e rg y  eq . ( 4 .5 )  i s  w r i t t e n  as
?  - I i W  (5 .2)
)
We d is c u s s  a p p ro x im a tio n s  to  th e  d e n s ity  m a tr ic e s  i n  sub­
s e c t io n  ( i i )  f o r  n u c le a r  m a tte r  and i n  s u b -s e c t io n  ( i i i )  
f o r  n u c le i  and show th a t  (4 *4 )  i s  o b ta in e d  fro m  ( 5 . 2 ) .  We 
s h a l l  see th a t  th e  e x p re s s io n s  f o r  th e  a 's a re  s im i la r  i n  
fo rm  to  ( 4 .7 )  b u t d i f f e r  by s i g n i f i c a n t  n u m e r ic a l f a c t o r s .
( i i )  N u c le a r m a tte *  case ; c o e f f i c ie n t s  a ,  and a z
S in e  e th e  d e n s ity  i s  u n ifo rm  th e  g ra d ie n t  te rm  i n  
e q u a t io n  ( 4 .4 )  v a n is h e s  and th e  p ro b le m  i s  f u l l y  d e te rm in e d
th e  two c o n s ta n ts  c
f  -
and f ( r .
w i t h * I)
x  - kp
i - r  kp-
3fT* r
- t i( V
( 5 .3 )
( 5 .4 )
( 5 .5 )
I r i
72-
and j ( (*) i s  sp*10^ 0^  B asse l fu n c tio n .
From (5 .2 )  th e n
= 7 ; ‘f !?-?■! i r .
(5 .6 )
s in ce  ( T - r ^ r
. 2-Although the power s e r ie s  expansion  o f 4 in s id e  th e  i n t e ­
g ra l  does not le a d  to  ra p id  convergence, a f a i r l y  good r e ­
p re s e n ta t io n  can n o n e th e le ss  be o b ta in ed  by w ritin g
z= J <«jsfw = (5 .7 )
p ro v id ed  |> and ^ are p ro p e r ly  chosen. T h is g iv es  the  fo llo w -
YUX»>
ing  ^v ith  ex p ress io n s  fo r  th e  a ' s
a ,  -  - i fk(r,
A  2. r  - 1  V ')  r 2" d ."? 1
(5 .8 a )
(5 .8 b )
In  o rd e r  to  make a p ro p er choice of j> and ^ l e t  us co n s id e r  
a lo c a l  s - s t a t e  p o te n t ia l  of the fo m
k (r* ,T ^  =  V[r)  i t l l 2





(5 .9 a )
(5 .9 b )

7 3
For th is  case (5 .6 )  becomes
-  V  j jt*-)  K*7 (5 .1 0 )
o
W ith x  :  |?F r , / / r  . In  f i g .  (| 3 a) we show th e  in te g ra te /o f  
(5 .7  ) fo r  1.44 fm.' corresponding to  th e  lo n g e s t range 
p o te n t ia l  used by BGW. On th i s  sc a le  the  c o n tr ib u t io n  from 
a l l  o th e r  loops of the  square of th e  B esse l fu n c tio n  i s  n o t 
v i s i b l e .  Tills i s  caused by the r e l a t iv e ly  la rg e  am plitude 
of the  f i r s t  loop , and a lso  by th e  ra p id  decrease  o f the 
p o te n t ia l  (fig.iaiO  and i s  the main reason  f o r  th e  ap p ro x i­
m ation of ( 5 .7 ) .  Since th i s  behaviour would be m ain ta in ed  
even fo r n o n -lo ca l and h ard -co re  p o te n t ia l s  we s h a l l  be ab le  
to  use the values o f p and q ob ta ined  belowi f ö r  th o se  cases  
as w e ll .
We s e t  p = 1 in  o rd er th a t  th e  form ulae should  be c o r r e c t  
i n  th e  low d e n s ity  l im i t  and choose «©£ q to  f i t  the  shape 
and area  of th e  tru e  in te g ra n d  curve i n  f i g .  (13$. The 
optimum value i s  0 .6 . For h ig h e r va lues o f d isag reem en t 
a t h ig h e r va lues of x becomes more pronounced ( f i g .  13<J and 
f o r  low er values of q th e  maximum of the  approxim ate curve 
becomes more pronounced (fig .lfc t) .
In  s e c tio n  3 o f th i s  ch ap ter we have e v a lu a te d  th e  i n t e g r a l s
(5 .8 )  w ith p = 1, q = 1 and found the  v a lu es  of and





P i g .14♦ Schem atic r e p r e s e n ta t io n  o f th e  f o u r  p o in ts  of th e  
in te g ra n d  i n  eqs* ( I I I . 4 . 5 )  &nd- ( I I I« 5 * 2 ) .
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I f  in stea d  we use p = 1, q = 0*6 in  eq s. ( 5 .8 ) ,  we get
3 5a^ = 327 Mev-fm., a2 = 96 Mev-fm.
These lead  to a binding energy par p a r t ic le  o f  9 .4  MeV at
the equ ilibrium  d en sity  f0 =  0 .176  fm? These values are
c lo ser  to  the works o f  Brueckner but i t  i s  not very u se fu l
to  make any more d e ta iled  comparisons with the r e su lts  of
25the Brueckner c a lc u la tio n s , s in ce  as la t e r  work has shown 
th e ir  r e s u lts  can change in  a n o ticea b le  way w ith  changes 
in  th e ir  approximation procedures. In p a r ticu la r  there are 
d i f f i c u l t i e s  in  considering the d en sity  dependence o f the 
p o te n t ia l energy in  th ese th eo r ie s  as pointed out by Baker,
o r
Gammel and H il l  .
In a d e ta ile d  d iscu ss io n  of approximations made in  various 
K-matrix c a lc u la tio n s  Brown § £  ^ i2Save concluded that these  
approximations tend to  give over estim ates of the actual 
value that may be expected . In p a rticu la r  they estim ate  
th at Brueckner-Gamnel c a lc u la tio n s  probably over estim ate  
the binding energy by 2-4 Mev, because of the n eg lec t of the 
e f f e c t iv e  mass introduced by o ff-th e -en er g y  s h e ll  propaga­
t io n .
I t  i s  p o ss ib le  to  use lower values fo r  p and q and ob­
ta in  curves which perhaps would not be in  p r in c ip le  any 
worse than what we have shown; but as long as one remains 
f a ir ly  c lo se  to  the correct curves no su b sta n tia l changes
i n  th e  b ind ing  energy o r eq u ilib r iu m  d e n s ity  can be o b ta in ­
ed*
( i i i )  The case o f Non -uniform  D ensity  : c o e f f ic ie n t  as
To determ ine 3 3  we need a g e n e ra l is a t io n  o f e q u a tio n  
(5 .4 )  fo r  the case in  which th e  Fermi-nomenta a t th e  p o in ts  
\  and r, of r ( y, } r ( ) are not the  same. Only th o se  forms 
of the d e n s ity  m a trix  need be considered  which go over in to  
eq u a tio n  (5 .4 )  fo r  uniform  d e n s i ty . Thus the e x p re s s io n s  
f o r  and a2 d eriv ed  in  su b -se c tio n  ( i i )  apply to  a l l  
c a se s .
The u su a l g e n e ra l is a t io n  o f eq . (5 .4 )  i s
where v a lu es of f  and fep ap p ro p ria te  to  th e  p o in t 
( f i g .  M ) are ta k e n . In  ch ap te r  I I  we showed th a t  f o r  th e  
atom ic problem s we can w rite  down a b e t te r  form o f th e  den­
s i t y  m a trix  as
where a t each p o in t the lo c a l  value of th e  Fermi momentum 
i s  used , and the i n t e g r a l  i s  over the l in e  jo in in g  
to  • For n u c le a r  problem s, however, t h i s  v a r ia t io n  i s  
n e g l ig ib le ,  and we can use the  form
(5 .1 1 )
(5 .1 2 )
( 5 . 1 3 )
To s e e  t h e  c h a n g e  i n  t h e  v a l u e  o f  we u s e  b o t h  t h e  f o r m s
( 5 . 1 1 )  and ( 5 . 1 3 )  o f  t h e  d e n s i t y  m a t r i x .  S u b s t i t u t i n g  ( 5 . 1 1 )  
and  ( 5 . 1 3 )  s e p a r a t e l y  i n  ( 5 . 2 )  and e x p a n d i n g  o n l y  t h e  d e n s i ­
t i e s  a r o u n d  t h e  common c e n t r e  ( f i g .  14 ) we g e t  o n  c o l l e c t i n g
2.
a l l  t e r m s  i n  ( v f  )
(X
3  ~
w h e re  f o r  ( 5 . 1 1 )  g and  f o r  ( 5 . 1 3 )  g = -jg-
( 5 . 1 4 )
T h e s e  tw o e x p r e s s i o n s  a r e  q u i t e  d i f f e r e n t  f r o m  ( 4 . 7 c ) .  The 
p r e s e n c e  o f  t h e  f u n c t i o n  j- i n s i d e  t h e  i n t e g r a l  may h a v e  
b e e n  a n t i c i p a t e d  a f t e r  t h e  w o rk  o f  t h e  p r e v i o u s  s u b - s e c t i o n .  
The p o w e r  s e r i e s  e ^ a n s i o n  o f  w ave f u n c t i o n s  d o e s  n o t  p e r m i t  
any  s t r a i g h t  f o r w a r d  r e a r r a n g e m e n t  i n t o  t h i s  fo r m  b e c a u s e  
o f  v a r i o u s  a m b i g u i t i e s  i n  h i g h e r  o r d e r s  ?nd th e  a p p r o x im a ­
t i o n  h a s  t o  be u n d e r s t o o d  i n  t e r m s  o f  t h e  d e n s i t y  m a t r i x .
The f a c t o r s  J L  a n d  J L  b e f o r e  t h e  i n t e g r a l  a r e  a l s o  d i f f e r e n t .  
48 24
f r o m  t i ie  f a c t o r  A  i n  ( 4 . 7 c ) .  T h i s  may be r o u g h l y  u n d e r s t o o d
32
i n  t h e  f o l l o w i n g  w ay . f iq .  ( 4 . 7 c )  i s  o b t a i n e d  by  e x p a n d i n g
I I
t h e  wave f u n c t i o n  a lo n g  t h e  l i n e s  a n d  T f ; i t  c o v e r s  
t h e  w h o le  r e c t a n g l e  and g i v e s  a  f a c t o r ^  . 3 q .  ( 5 . 1 4 )  w i t h
g = 2 4  o n  t h e  o t h e r  h a n d  i s  o b t a i n e d  f r o m  t h e  d e n s i t y  
m a t r i x  ( 5 . 1 3 )  w h ic h  a l s o  t a k e s  i n t o  a c c o u n t  t h e  v a r i a t i o n  
i n  d e n s i t y  o v e r  t h e  w h o le  r e c t a n g l e  b u t  i n  a  d i f f e r e n t  way
7 7
and tne  d i f f e r e n t  ± ac to r ^  i s  t h ^  not  s u rp r is in g .  I f  the
d e n s ity  m a trix  (5 .11 ) were talien i t  w ill  give a f a c t o r ^  . 
file c o e f f ic ie n t  o f the g ra d ie n t term  i s  th u s s e n s i t iv e  to 
the  way in  which changes in  d e n s ity  take p la c e .
S qs. (5 ,14 ) f o r  seems to  co n ta in  a com plicated  depend­
ence on f  th rough  kp (£.) . In  o rd e r  to  see vh a t i t  means
we again  co n s id e r the  p o te n t ia l  ( 5 .9 ) .  Although t h i s  d i f f e r s  
from the u su a l K -m atrices in  being lo c a l  and in  th a t  the 
p o te n t ia l  does n o t v an ish  at th e  core ra d iu s , th e se  s im p li­




Ö *  3  -  \  > ( X
g ta k es  v alues 1  and
24 48
(5 .1 5 )
(5 .1 6 )
The num erator here i s  th e  Laplace tran sfo rm  of a p roduct of
B e sse l- fu n c tio n s  of o rd e r  ä, and may be tak en  from re fe re n c e
2
(31 ) .  We have
i  .Hid
where i s  the Legendre fu n c tio n  o f the second k in d . The 
maximum v alue  o f ( kp ) occurs fo r  th e  s in g le t  s t a t e  
in  the  GammalThajfcr p o te n t i a l  used  by 3GW and i s  n e a rly
7£
u n i ty .  The l e a s t  value i s ,  o f co u rse , z e ro . Over most of 
the nucleus ( k F / / / M  ) C f l  and \  ^  9 .6 g . .Askp- 4 0  i n  
th e  extrem e l i m i t ,  \  —* I th e  value co rrespond ing  to  .(4 .7 c ) , 
d eriv ed  from expanding the wave fu n c t io n . The approach to  
the  l im i t  i s  slow so th a t  \  d e v ia te s  from i t s  v a lu e  of about 
9 .6g  over a sm all p a r t  of the  n ucleus where th e  d e n s ity  
approaches ze ro .
For th e  case of t r i p l e t  K -m atrices o f BGW, w hich has th e  
longest/range , we g e t over most o f th e  n u c leu s ( fcp ) CT 
1.46 and X 1 5 .6g.
By tak in g  in to  account d i f f e r e n t  ranges and m agnitudes of 
s in g le t  and t r i p l e t  K -m atrices o f BGW, we g e t th e  v a lu es  fo r  
as as
5
= 72 Mev fmT when 
a3  = 36 Mev fmt1 when
= 1
24 ( 5 . 18 a)
» 1 (5 .3 3 b )
4?
Thus the  v a lu es  o b ta in ed  from th e  nu m erica l K -m atrices  o f 
BGW and the  c o n s id e ra tio n s  of s e c t io n  (5) o f t h i s  c h a p te r
are
a ,  -  32-Y , <xv) a s = 7 i M w ^  (5 .1 9 a )
f o r  g = ^
and
( 5 .1 9 b )
a* ” 317 , CL 2. -  °l£ ; a 3 — 3£ MtvftS
We s h a l l  see  l a t e r  i n  C h a p te r  5 t h a t  th e  r e s u l t  ag = 5 8 .2  
5
Mqv fm. w hich  we g e t  e m p i r i c a l l y  f a l l s  n e a t l y  betw een  th e  
v a lu e s  72 and 36 , e a c h  o f  w hich  c o r re s p o n d s  t o  a p l a u s i b l e  
a p p ro x im a t io n  t o  d e n s i t y  m a t r i x .  T h is  shows t h a t  th e  
a p p ro x im a te  r e p r e s e n t a t i o n  o f  e n e rg y  d e n s i t y  p ro p o se d  i n  
t h i s  c h a p t e r  i s  q u i t e  r e a s o n a b l e .
To show t h a t  i n  n e g l e c t i n g  t h e  W e iz sä c k e r  in h o m o g e n e i ty  con­
t r i b u t i o n  t o  the  k i n e t i c  e n e rg y  we were n o t  v e ry  much 'wrong,
on
f o l lo w in g  Le C o u teu r  , wa w r i t e  down th e  W e iz sä c k e r  c o n t r i ­
b u t i o n  to  th e  k i n e t i c  e n e rg y
s in c e f = U
3 o , a t  f
Now
T h is  c o n t r i b u t i o n  i s  to  be compared w i th  a3 = 5 8 .2  Mav fm 
o f  Ch. V.
The 6 Mev fm makes o n ly  a s m a l l  c o r r e c t i o n  to  t h e  5 8 .2
5
LIev fm^ so th a t  our n e g le c t  of th e  inhom ogeneity  c o r re c t io n
to  the  k in e t ic  energy was not a t  a l l  s e r io u s
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CHAPTER IV
SETTING OP OF THE DIFFERENTIAL EQUATIONS
1 • V a r ia t io n a l p r in c ip le  and d i lT e r a n t la l  eaua-
t i o n s .
U s u a lly ^ h a  v a r ia t i o n a l  p r in c ip le  i s  w r i t t e n  as
t  - > f  m  =J
(1. 1)
where th e  Lagrange p a ra m e te r \  i s  d e te rm in e d  fro m  th e  cons­
t r a i n t  o f  th e  t o t a l  number o f  p a r t i c le s
ft = ( f<U (1.2)
I t  canno t be assumed th a t  f and t> a u to m a t ic a l ly  have c o r ­
r e c t  b e h a v io u r  a t i n f i n i t y .  The e q u a tio n s  o b ta in e d  fro m  
( l . l )  have no s o lu t io n s  w i t h  th e  e x p o n e n t ia l f a l l  o f f  
a p p ro p r ia te  f o r  a quantum mechanicsL sys tem . T h is  i s  r e -  
m edied u s u a l ly  btj_ c o n s id e r in g  o n ly  ehe range o f  R fro m  th e  
o r ig i n  to  th e  f i r s t  ze ro  o f  f  o r  by u s in g  some o th e r  ty p e  
o f  c u t - o f f .
By a more c a r e fu l  fo r m u la t io n  o f  th e  v a r ia t i o n a l  p r in c ip le  
we can o b ta in  a c o n s is te n t  e x te n s io n  o f  the  u s u a l p ro c e d u re . 
C o n s id e r in g  o n ly  s p h e r ic a l ly  sym m e tric  fo rm s  o f  f  , we 'want 
t o  m in im is e  th e  in t e g r a l
(R
i  = | [ s - x f iß (1.3)
w ith  re sp e c t  to v a r i a t io n s  of f  such t h a t  th e  v*lue of f  
i s  not fj*€rl f o r  e i t h e r  of the  and p o in ts  0 o r  R. F u r th e r ­
more the 3nd p o in t  R i t s e l f  i s  not f ix e d .  The s im u lta n e ­
ous minimum i s  ob ta ined  from the  two eq u a tio n s
rf i  =<>




In  the  v a r i a t i o n a l  p r in c ip l e  (1 .4 )  one has to  co n s id e r  v a r i a ­
t io n s  of f  ,
HT) = r(T) + Ur)> ci.6)
where both  ^ ( 0 )  and ^(R) are a r b i t r a r y .  Forming the  i n t e ­
g ra l  I  w ith  p and m inim ising w ith  re sp e c t  t o 0] i n  the  u su a l  
way one o b ta in s  the  r e s u l t  t h a t  the Lagrange e q u a tio n s
( i * 7 )
are s a t i s f i e d  provided the c o n s ta n ts  of i n t e g r a t i o n  are 
chosen so as to  s a t i s f y  th e  c o n d i t io n
1q r e q u i r e ,  fo r  reasons o f  symmetry, t h a t
o , (1. 8 )
V f =o cuf" k - o f (1 .9 )
and so w ith  g g iven by ( I I I .  1 .24 ) , (1 .8 )  e s s e n t i a l l y
9 3
bQ coma s
V*f - 0R = R • (1.10)
Further we note that eq. (1.5) is highly non-linear and pre­
sumably has several zeros, but the most natural zero is the 
one created by the vanishing of P(Rj itself. Hence from 
eqs. (1.5) and (l. 10) we obtain the important result that 
the density distribution which properly minimises the inte­
gral (1.3) is the one which has a vanishing gradient at some 
point R and sftd- vanishes for R. This boundary con­
dition indirectly determines the density at the origin.
In this treatment we do not have the problem of interpreta­
tion connected with negative or infinitely increasing densi­
ties such as would occur if it were necessary to consider the 
solutions of eq. (1.7) throughout the whole space.
In the next section we discuss the particular forms of the 
Lagrange equations in the approximations (i) and (ii).
These equations will be expressed in terms of the dimension­
less quantity
(i) Standard form neglecting density dependence 
Oj* the K-matrix.
In eq. (III. 1.24) we assume a]_ and ag to be constants 
so that the differential equation takes the form
where \j^  i s  the  Coulomb p o t e n t i a l  w ith  a d i f f e r e n t  norma­
l i s a t i o n .  I t  s a t i s f i e s  th e  P o is so n  e q u a tio n
vN/<L r  -  Q I  ( 2 .2 )
where from ( I I I .  1 .1 9 ) ,  ( I I I *  1 .2 8 )
i. 2 -  2 .
(J _  I S —  £ - 1^ + 6 *,J . ( 2 .3 )
S i m i la r l y ,  the q u a n t i ty ?  i n  eq . ( 2 .1 )  i s  the norm alised  
Lagrange parameter
* = - ! - / '  ! + « * , )  '  ( 2 - 4 )  
2Ä 2, ^ /
Other symbols occu rr in g  here have been d e fin ed  e a r l i e r  i n  
s e c t i o n s  1 and 2 o f  Chapter I I I .
On p a r t i a l l y  in t e g r a t in g  the  ( V ■j )^ term i n  eq . ( I I I .  1 .2 4 )  
and u s in g  eq . ( 2 . 1 ) ,  one has
t&JL
11 a.■)t:
s1 3 */3 )O'K j  -  o q i s " / »  j  -  o • s“ P^ J L r ( 2 .5 )
Bq. ( 2 .5 )  h o ld s  o n ly  i f  y i s  a s im u ltan eou s s o l u t i o n  o f  
e q s .  ( 2 .1 )  and ( 2 . 2 ) ,  s u b je c t  to  th e  c o n d it io n s  ( 1 .9 )  and 
(1*10) t o g e t h e r  w ith  y ( H ) = 0 .
( i i )  An improved approxim ation to  the  g e n e ra l  case .
As we have d iscussad  befo re  a d e te rm in a t io n  of d e n s i ty  
dependence d i r e c t l y  from the  BGW K -m atrices i s  r a th e r  d i f f i ­
c u l t .  T h ere fo re ,  we in tro d u ce  a s im p l i f i c a t io n  in  such a 
way th a t  on the  one hand i t  i s  s t i l l  p o s s ib le  to  mak9 com­
p a r iso n s  w ith  the  K -m atrix  q u a n t i t i e s  as c a lc u la te d  i n  s e c t .  
2 o f  Chater I I I  and on the  other^iand the e q u a tio n s  remain 
s u f f i c i e n t l y  simple so "that one may u t i l i s e  th e  r e s u l t s  and 
experience  of working i n  the approxim ation d escr ib ed  i n  the  
p rev io u s  su b se c tio n .
I t  was n o t ic e d  in  s e c t .  2 of Chapter I I I  t h a t  a^ and 
were m ono ton ica lly  dec reas in g  fu n c t io n  o f f  * In s te a d  the  
forms in d ic a te d  th e re  we s h a l l  assume forms fo r  these  such 
t h a t  th e  energy d e n s i ty  i n  uniform  m a tte r  i s  s t i l l  g iven  by 
an e x p re s s io n  l i k e  ( I I I .  1 .24) w ith  °(,A and V s t i l l  constants 
a l b e i t  m odified .
We no te  th a t  n e a r  y = 1 the  d e n s i ty  dependence of a  ^ and
ao can be rep re se n te d  by
a ,  r  ( i - ^ T I3J  , ^
>i H *4
2 - /3  \
- n l) i
(2 .6 )
a i  -  <£  ( V  f t  j  , ö l  =  a '  ( 1 (2 .7 )
w ith  a° , a° , p and q c o n s ta n ts . In  o rd e r  th a t th e se
be d ec reas in g  fu n c t io n s  of y, p and q should both be p o s i-
t i v e .  On s u b s t i tu t i n g  in  ( I I I .  1 .15) the «energy d e n s i ty
takes the standard form
- lJ} 4 !r*-£}(?}) j +ic (2.8)
where °(, f> and i are again constants given by eqs. (Ill 
1.25) to (ill. 1.27) in which is replaced by a2 and 
by ax ,
, 0 
3 M iA 0
(X i —  ö-i -4-
it ,
A  ,0 2.(XI — ■— 5
i/3 o f fl3 ^  )X t f. a* (f+ + J
(2.9a)
(2.9b)
and a-, and a are modified similarly. Now introducing a new 
variable z by the relation





and carrying out the variational procedure with. %  given by(i*s) 
one obtains the differential equations
<hv z  - J £ p '+v"j * (2.11)
(2.12)
where Q and P are ; again given by eqs. (2.3) and (2.4) with 
a2 replaced by a2.
In the present case we have to solve three simultaneous aqua­
tions (2.10), (2.11) and (2.12) instead of the two of the
*7
p rev io u s  su b se c t io n .
S t r i c t l y  speaking eq. (2 .10) must be solved in  co n ju n c tio n  
w ith  (2 .7 )  to  o b ta in  y as a fu n c t io n  of z . I t  i s  only  
when y i s  o b ta ined  as a fu n c t io n  z th a t  (2 .11) and 
(2 .12) give z as a fu n c t io n  of H, A f u r t h e r  approxima­
t io n  has to  be made because the  form (2 .7 )  i s  much too 
d i f f i c u l t  f o r  our purpose. A ctua lly  we assume
because i t  enab les  (2 .10) to  be so lved  e x a c t ly  and d ec re ase s  
w ith  y l i k e  (2 .7 )  i f
The num erica l method f o r  th e  in t e g r a t i o n  i s  given in  the  
appendix.
We no te  th a t  the approxim ation of the e a r l i e r  s e c t io n  i s  th e  
s p e c ia l  case in  which u = 1 and s = o, a2 = a2*
In  o rd e r  to  j u s t i f y  the approxim ation in tro d u ced  here we 
must show f i r s t  o f  a l l  t h a t  the s tandard  energy d e n s i ty  ex­
p re s s io n  (2 .8 )  i s  adequate . This approxim ation does no t 
a f f e c t  th e  Coulomb energy o r  the  p a r t  depending on th e  
g ra d ie n t  term , only  the  remaining p a r t ,  t h a t  which i s  r e l e ­
vant to  n u c le a r  m a tte r  problem, i s  a f f e c t e d .  I f  we c o n s id e r  
the forms of d e n s i ty  dependence of a-j_ and a2 g iven by
(2 .13 )
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The e f fe c t  of th e  d en sity  dependence of K-matrix on 
th e  energy d en s ity  fo r  n u c lea r m atte r. The values 
t  = d l  = d2 = 0 correspond to  th e  standard
approxim ation eq. (XV.2.16). (b ) and (c )  correspond to
d l  = d2 = °*2» t  = °*5 311(1 di  = 0*1» d2 = ° -2 » t  = 
re sp e c tiv e ly  in  th e  Brueckner expression  (IV .2 .1 4 ). A ll 
expressions a re  constra ined  to  have th e  same value 
a t  y = 1.
th e  BGW th e o ry  as i n  eq . ( I I I .  2 .7 ) ,  th e n  th e  en e rg y  e x -
e,
p re s s io n  r e le v a n t  to  n u c le a r  n a t t e r  ( f  = o ) g  ^  w i l l  
he
= +? ^  "H -  ^  > (2.
where
a, ■= I 1 +
CX 2. -  ß  2.
5VJJ,
5 - - t
(2 .1 5 a )
(2 .1 5 b )
(2 .1 5 c )
and o th e r  d e f in i t i o n s  are as g iv e n  p r e v io u s ly  w i th  a2 r e ­
p la c e d  by th e  c o n s ta n t T g .
T h is  has to  be compared w i th  o u r s ta n d a rd  fo rm  (2 .8 )
where ^ and y  a re  g iv e n  by eq s . ( I I I .  
1 .2 7 )  w i t h  a2 re p la c e d  by  th e  c o n s ta n t a2
(2 . 16)
1 .2 5 ) t o  ( I I I .
I n  o u r  m ethod we assume v a lu e s  o f  o( and ^  and th e n  c a l ­
c u la te  y  i n  te rm s  o f  them by r e q u ir in g  th a t  g niKand£fn^  
s a t i s f y  th e  H u g e n h o ltz  and Van Hove c o n d i t io n  o f  s e c t .  4  
o f  Gh. I I I .  I f  we f u r t h e r  re q u ire  th e  r i g h t  hand s id e  o f  
(2 .1 4 )  and (2 .1 6 )  to  have th e  same v a lu e  a t y  = 1 (s a y ) 
and th e r e fo r e  th e  same s lo p e  th e re ,  th e n  th e re  seems to  be
vary  l i t t l e  d i f f e re n c e  between tha two exp ress ions  (see 
f i g .  15),  In  o th e r  words the  approximation in troduced  by 
(2 .6 )  and (2 .7 )  i s  j u s t i f i e d  i n  as much as i t  r e p re s e n t s  
the  n u c lea r  m a t te r  p a r t  of the problem.
The c h ie f  e f f e c t  of  the  d e n s i ty  dependence th e r e fo r e  mani­
f e s t s  i t s e l f  th rough  the  f a c t o r  (dy/dz) appearing i n  eq. 
( 2 .1 1 ) .  Thus, cons iderab le  s i m p l i f i c a t i o n  i s  achieved by 
assuming a form fo r  the c o e f f i c i e n t  of  the  g rad ien t  t-örn 
such t h a t  i t  s i m p l i f i e s  the i n t e g r a t i o n  process  and has 
the c o r r e c t  q u a l i t a t i v e  behaviour .  Although the  (dy/dz)  
term in  ( 2 .1 l )  in f lu e n c e s  the shape of the s o lu t io n  through­
out the range y = o to  1, the most s i g n i f i c a n t  changes 
occur nea r  y = 1. Our numerical  i n t e g r a t i o n s  have v e r i f i e d  
th a t  the  su rface  th ic k n e s s  depends mainly on the value 
u V d + S )  of (55) at y = 1, and t h a t  i t  i s  not h e l p fu l  to  
vary u and s independen t ly .
Since the v a r i a t i o n  i n  (2 .15)  between y = o and y = 1 i s  
about 10# i n  a-, and 17# i n  a2 (see s e c t .  2 of  Gh. I l l )  we 
can f i t  (2 .6 )  *nd (2 .7 )  to  t h i s  near  y = 1 tak ing  p - 0 . 1  
and % = 0 .1  so t h a t  we have roughly from (2 .9b)  and ( 2 .1 3 1
I t  i s  th u s  seen t h a t  the  d e n s i ty  dependence given by the  
BGW K -n a t r ix  i s  too weak to  make an app rec iab le  e f f e c t  on
(2 .17)
/ \
0the  d i f f e r e n t i a l  eq u a t io n .  Our arguments le ad in g  to  t h i s  
r e s u l t  are undoubtedly c i r c u i t o u s .  This course was adopt­
ed c h i e f ly  because we wanted also  to  see the  manner i n
°f
which the  dens i ty  dependence^these q u a n t i t i e s  (provided 
i t  was s t rong  enough) would make s i g n i f i c a n t  d i f f e r e n c e s  
to  the s o l u t i o n .  The answer to  t h i s  qu es t io n  i s  t h a t  the 
main e f f e c t  i s  through the  m o d i f ic a t io n  of the  c o e f f i c i e n t  
of the  g rad ie n t  term.
F i n a l l y  we w r i te  down the energy ex p res s io n  in  t h i s  appro­
ximation from (2 .1 0 ) ,  (2 .11)  and (2.12)
In (2.  IS)
2
and V z i s  to  be ta k e n  from (2 .11)  so t h a t  ( 2 . IB) reduces  
to  (2 .5 )  i n  the s p e c ia l  case y = z .
Fig* 16. Schematic representation of the variation in the nature
of solutions P + V^(o). Curves a, b and c correspond tov
successively larger P + V (o) but the same y • Thec o _
optimum solution is tangential to the axis at R f and lies
between the curves a and b in the case given here. There
might be more than one point like R. In that case the
curves with still higher values of P + V_(o) will alsoccross the axis.
CHAPTER V
NUMERICAL CALCULATION;
1. Procedure for Adjustment of Cons tents of 
Integration and Parameters
In our calculation we consider only the case in which y is 
spherically symmetric so that the integration over only 
one variable R is needed* The constant f0 is chosen 
slightly greater than the central density of heavy nuclei 
which is also the assumed density of stable nuclear natter. 
As a result , the central value of y, is expected always 
to have a value close to one. This choice of £  also pro­
vides an appropriate scale factor for'the integration.
Since we have to solve two second order differential equa­
tions we need four constants of Integration. The numerical 
method is explained in the appendix. We start integrations 
from R = 0 where two of the constants are fixed because 
dy/dR = dVc/dR = 0. One has thus to provide only the 
vallies y and V (Ö) of the two functions at the origin. In 
fact it is the combination (P + Vc(0)) which determines the 
solution once y0 is given. With all the other parameters 
fixed for a given yQ the manner in which the solutions 
usually change with (P + V (C)) is shown schematically in
V
fig.16. Between the solution a which crosses the axis and 
the solution b which turns up without touching the R-axix
there must be a solution which is tangential to the axis 
at some point R. This is the solution we search for. Since 
this solution provides a minimum of the energy, small devia­
tions from exact contact cause only small changes in the 
energy. This has both advantages and disadvantages. On the 
one hand as far as energies are concerned we need not con­
cern ourselves too much with obtaining exact contact and on 
the other hand just because we are close to a minimum and the 
differences are small the problem of discriminating between 
solutions belonging to different sets of parameters (espe­
cially different £ , with all others fixed) becomes very 
tricky. It may be noted in passing that occasionally as 
(P + Vc(0)) increases the curves may again cross the axis 
at a larger distance thus giving a proper solution for a 
higher value of A also.
In order to cover the whole periodic table the procedure is 
briefly as follows : The machine (IBLI-1620, Fortran language 
programs) is given the numbers V(0) and ^ (0) which are the 
values of ^ and for £ = 0. It computes the value /  (0) 
from Hugenholtz-Van Hove condition. The relation is quite 
simply
y (o) = 04 4 (o) + l'2ffi(o) . (l.i)
Next one supplies the parameters ; x l and (also s and u of
^3
eq . (2 .13 ) i f  th e  approxim ation of s e c t .  4 ( i i )  of Gh. IV 
i s  used) the  machine th en  c o m p u t e s a n d  fo r  th e  given 
value of £ . F in a l ly  the co n s ta n ts  o f in te g r a t io n  y0 and 
(P + Vc (0 ))  are s p e c if ie d Ath e  machine in te g r a te s  the re le v a n t 
eq u a tio n  t i l l  e i th e r  y c ro sse s  the  R ax is  o r  i t  tu rn s  up.
The Coulomb p o te n t ia l  Vc and d e n s ity  y are p r in te d  out fo r  
su ccessiv e  v a lu es o f R and in  the  f i n a l  p r in t  among o th e r  
th in g s  the average energy p e r  nucleon , th e  c o rre c te d  values 
o f P and Vc (0) (see appendix) c e n tr a l  d e n s ity , and the mass 
number A are p r in te d  o u t.
For each  y0 , P + Vc (0) i s  v a r ie d  t i l l  a curve w ith  y tangen­
t i a l  to  the  R ax is  i s  found . In  p ra c t ic e  a g iven  y0 may p ro ­
duce such optimum curves f o r  a sm all range o f A v a lu es  because oj 
th e  l im ite d  f in e s s e  re q u ire d  fo r  f i t t i n g .  For a g iven  A one 
th en  s e le c ts  th e  y0 fo r  which the  average energy p e r p a r t i c l e  
i s  th e  l e a s t .  This ach ieves the  m in im isa tio n  w ith  re sp e c t to  
th e  c o n s ta n ts  brought in  by the  boundary co n d itio n s  and a graph 
of b ind ing  energy versu s mass number i s  eke*- o b ta in e d . With 
each  p o in t on t h i s  graph are a s so c ia te d  two numbers y0 and 
P + Vc (0) which give the  minimum f o r  t h i s  p a r t i c u la r  value 
of A.
For g iven  of , ß , x1>xc , s and u we o b ta in  fo r  each value of € 
a curve of b ind ing  energy v e rsu s  A as d esc rib ed  in  the  l a s t  
p a rag rap h . We s h a l l  d isp la y  th e se  curves f o r  6 = 0, 0 .1 ,






F ig .  17
derive® ^from 6 l - a l t  r irP R 6^ 0? ^ 1^  to  Param etern  
approx*n& tion . The p m tiK * ? ?  °JJL i ?  d e n s i ty  in d ependt





An e n ve lop e  o f th e  m in im a o f  these  c u rv e s , w h ic h  w i l l  n o t 
a c t u a l ly  he drawn on th e  f ig u r e s ,  i s  t o  be compared w i th  th e  
e x p e r im e n ta l b in d in g  e n e rg y  c u rv e .
2. D is c u s s io n  and r e s u l t s
( i )  D e n s ity  in d e p e n d e n t a p p ro x im a tio n
I t  has been shown i n  th e  p re v io u s  s e c t io n  th a t  th e  den­
s i t y  dependence o f  K -m a tr ic e s  fro m  BGW i s  so weals: t h a t  i t  
may be n e g le c te d  w i th  j u s t i f i c a t i o n .  I f  we re q u ire  th e  b in d ­
in g  e n e rg y  o f  n u c le a r  m a tte r  to  be 15 MeV and i t s  d e n s i ty  
-3
0 .1 9 5  fm . a t e q u i l ib r iu m  th e n  we g e t ,  fo l lo w in g  Kumar and 
23B h a d u ri , b u t i n  th e  d e n s ity  in d e p e n d e n t a p p ro x im a tio n ,
o( z* 0 * °{ 0  ^S' ) -  2 ' I r  2 - ( 2 . 1 )
The v a lu e s  o f  x ^  and x^  were ta k e n  d i r e c t l y  fro m  th e  s im p le  
c a lc u la t io n  o f  Gh. I l l  S e c t.  2 , eq . ( 2 . 1 l ) .  The c u rv e s  o b ta in ­
ed w i t h  t h i s  s e t o f  p a ra m e te rs  fo r £  = 0 , 0 *1  and 0 .2  are shown 
i n  f i g .  17. The r e s u l t s  o f  B ru e c k n e r, L o c k e tt  and R o te n b e rg 2^ 
a re  p lo t t e d  f o r  co m p a riso n . The f a c t  th a t  the  p o in t  f o r  Z r ^  
s i t s  a lm o s t e x a c t ly  on o u r  cu rve  has no p a r t i c u la r  s ig n i f ic a n c e .  
B u t to g e th e r  w i th  th e  f a c t  th a h th e  p o in ts  c o rre s p o n d in g  to  C a ^
1 Q *
and 0 ”  d e v ia te  fro m  o u r cu rve s  i n  th e  e xp e c te d  d i r e c t io n  i t
V-cXfioJi
w ou ld  seem to  in d ic a te  th a t  th e  p re s e n tAcan be q u i te  u s e f u l .
7e may n o t compare th e  m a gn itu des  o f  th e  d e v ia t io n s  i n  b in d in g
°n>-
e n e rg ie s  f o r  Ca"^ and 0 ^ ; bacause of the  low mass numbers 
involved and a lso  because i n  th e se  n u c le i  bo th  neu tro n  and 
p ro to n  s h e l l s  are c lo se d .  What i s  remarkable i s  t h a t  f o r  
va lues  of param eters  as determ ined in  s e c t .  2 of Ch. I l l  
th e  r e s u l t s  do give b ind ing  e n e rg ie s  at a l l  comparable to  
tl osa from the c a lc u l a t i o n s  of Brueckner ^ . The d e n s i ty
d i s t r i b u t i o n s  o b ta in ed  by us in  t h i s  case happen to  be too 
d i f fu s e  at the  s u r fa c e .  The f a l l  o f f  d is ta n c e s  o b ta in ed  by 
us vary from 3 .0  fm. i n  l i g h t  n u c le i  to  3 .4  fm. i n  heavy 
n u c le i .  Furtherm ore, as might be expected , the  d e n s i t i e s  
o b ta in ed  by us are f l a t  and monotonic whereas those  o b t a i n e d ^
27Brueckner, L ockett and Botenberg show f lu c tu a t io n s  c h a r a c te r ­
i s t i c  of H.F. type c a lc u l a t i o n s .
I t  was found th a t  v a r i a t i o n  of th e  cons tan t p only  produced 
a v a r i a t i o n  i n  th e  e q u i l ib r iu m  d e n s i ty  at the  c e n tre  w hile 
a v a r i a t i o n  in  o( e f f e c t i v e l y  moved the  whole system of curves 
up o r  down in  energy . No s u b s t a n t i a l  change i n  the n a tu re  
of the curve was n o t ic e d .  In  p a r t i c u l a r  the  r e d u c t io n  in  
b ind ing  energy p e r  p a r t i c l e  in  going from mass numbers n ea r  
the maximum (AccSO) to  th e  h ig h e s t  masses ( i l ^  230) i s  not 
n e a r ly  enough. I n  f i g .  IB we p re se n t  the  r e s u l t s  f o r  <Y (0)
= 0 .77  and /Ho) -  2 .152 which i s  ad ju s ted  to  give r i g h t  
b in d in g  energy a t the  maximum. I t  i s  seen t h a t  the b ind ing  
energy f o r  heavy n u c le i  i s  e x c e ss iv e .




The param eters  Xq and Xo cause only, minor changes i n  the  
b ind ing  energy but they  determine the most s t a b le  value 
of € f o r  a given A. The average energy d i s c r i m i n a t i o n  b e t ­
ween d i f f e r e n t  £ values  foijthe same A i s  a small  e f f e c t  
n o t ic e a b le  only  in  the  t h i r d  s i g n i f i c a n t  f igu re«  Cnee the  
broad f e a t u r e s  of the binding  energy curve are f ix e d  by a 
choice of 4 ( 0 )  and ^ (0 )  the  d e t a i l s  of s t a b i l i t y  are a d j u s t ­
ed by varying  X] and X£. In  p r a c t i c e  v a r i a t i o n  i n  X2 are 
not s i g n i f i c a n t  and we have not t r i e d  too  many values«
F u r th e r ,  we sea rch  fo r  va lues  of xq and xg on ly  in  th e  v i c i ­
n i t y  of those  given i n  eq« ( I I I ,  2.11)« The in f lu e n c e  of  Xq 
i s  bes t  seen by no t ing  the cross  over p o i n t s  f o r  curves belong 
- in g  to d i f f e r e n t  va lues  of £ . In  f i g . 17 the c ro s s - o v e r  of 
the  curves f o r £  = 0 . 1  and 0 .2  i s  i n  the  c o r r e c t  r e g io n  ( i . e .  
where i t  a c t u a l l y  occurs expe r im en ta l ly )  bu t  when th e  va lue  
of 4 (0) i s  changed to  0«77 the  c ro ss -o v e r  p o in t  changes i n  
such a way t h a t  a lower value of xq was i n d i c a t e d .  I n  f i g .
IS curves corresponding to  Xq = - 0 .1  are shown. I t  i s  seen 
t h a t  even here  the curve f o r  £ = 0 . 1 7  has more b ind ing  than  
the curve f o r  £ = 0 .2  i n  a r eg ion  where e x p e r im e n ta l ly  th e  
s i t u a t i o n  i s  j u s t  the  r e v e r s e .  This i n d i c a t e s  t h a t  a value 
of xq between 0 .0  and - 0 . 1  would be more a p p r o p r i a t e .
Other  c a l c u l a t i o n s  w ith  the d e n s i ty  independent  approximation  
confi rm ed t h a t  (a) i t  was impossib le  to  ga t  the  c o r r e c t  shape
T»sa ä ä 'üss ssräsadjusted to give best agreement.
0
Fig. 19.
of b inding  energy curve by any adjustment of the  parameters  
and (b) even f o r  th e  b e s t  r e s u l t s  i n  t h i s  re spec t  the frnsi t-y 
d e n s i ty  d i s t r i b u t i o n s  ob ta ined  were too d i f fu s e  —- the  f a l l -  
o f f  d i s ta n c e  varying from 3 .0  fm to  3 .5  fm as one goes from 
l i g h t  to  heavy masses.
( i i )  The d e n s i ty  dependent approximation
In  f i g .  19 we f i n a l l y  p re se n t  the b e s t  binding energy 
curves we have been able to o b t a in .  These were ob ta ined  
i n  the d e n s i ty  dependent approximation of Ch. IV, S e c t .  2 
( i i ) .  The cons tan ts  o( (0 ) ,  ^ (0 ) ,  x^ and x29 s and u are 
ad ju s ted  f o r  o b ta in in g  agreement w ith  a l l  th ree  c h ie f  expe­
r im en ta l  q u a n t i t i e s  v i z .  the  b ind ing  e n e rg ie s ,  neu t ron  excess 
( c ro s s -o v e r  p o in ts  f o r  curves w ith  d i f f e r e n t  £ ) and d e n s i ty  
d i s t r i b u t i o n s .  The values  needed are
5 r o ; n : 0'7 (2. 2)
which imply
y(o) = 3 '3<P  % = « , J> =
so t h a t
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po-cenciai in a lew typical cases. Tiae grapns are for tlae>w s following values : (1) £ 




£ = 0.22, A =0.15,232
A cominent regard ing  the r o le  of  the l a s t  two c o n s ta n t s  i n  
(2 .2 )  i s  needed. The value of u i s  vary low compared to  the  
value from the K-matr icas  ( a q . ( 5 9 ) ) .  F u r th e r ,  s = o = q 
i s  an extreme cho ice .  Any f i n i t e  value of s or  q w i l l  do 
provided i t  i s  «  1. The e f f e c t  o f  an in c re a se  i n  s tends  to  
make the  d e n s i t i e s  only  s l i g h t l y  l e s s  d i f f u s e .  A c tua l ly  th e  
value of s t h a t  can be assum ed  should be much l e s s  th an  one, 
and th e r e f o r e ,  the  \alue of  u as ob ta ined  here cannot be s i g ­
n i f i c a n t l y  in c reased  by ta k in g  s /  o,
I n  f i g .  20 we give d en s i ty  d i s t r i b u t i o n s  f o r  s i x  r e p r e s e n t a ­
t i v e  masses f o r  parameters  g iven by ( 2 .2 ) .  A tendency f o r  
the  n u c le i  to  become l e s s  d i f fu s e  w ith  in c re a s in g  A may be 
no ted ,  the f a l l - o f f  d i s t a n c e s  going from 2 .5  fm to  2 .25 fm. 
Also the heavy n u c le i  are very s l i g h t l y  hollow i n  the  c e n t r e .
I t  i s  a com parat ive ly  simple m a t te r  to c a l c u l a t e  the  a f f e c ­
t i v e  s in g le  p a r t i c l e  p o t e n t i a l ,  in c lu d in g  the average Cou­
lomb energy, f o r  the l a s t  p a r t i c l e ,  once the  d e n s i ty  i s  known
We p l o t  a few r e p r e s e n ta t i v e  examples i n  f i g .  21 t o g e th e r  





'V9 have, in this thesis, developer!, a Fermi-Thomas type method 
and used it to calculate the binding energies and density 
distributions in nuclei for the whole range of mass values.
In this work we were motivated by the following considera­
tions. Instead of using the F.T. method as an empirical method 
we wanted to derive the quantities occurring in the energy den­
sity from a Kartree-Fock like theory, She K-metrix theory
of Brueckner, which has a sound theoretical basis. Also, the 
binding energy and the density distribution were to be obtain­
ed by solving the differential equation obtained from a varia­
tional principle.
le find that by expanding each single-particle wave function
I — *pair f AD (2) about the centre-of-nass of particles 
■ ^  ^
1 and 2 and keeping up to the 2nd order in f and ’v/ we can 
write down an expression for nuclear potential energy density 
in the simple form {“4*  ^). Though the series does not con­
verge, we can give a justification for the use 
form of energy density ) with the help of
density matrix, some of whose structural properties we studied 
for the atomic case in CH.II getting very good agreements with 3 
those of exact Kartree-Fock atomic calculations. In CH.III
f the simple 
Dirac' J
I crt
S e c t*£ th e s e  ap p ro x im a te  fo rm s  o f  th e  d e n s ity  m a t r ix  were 
used a lo ng  w i th  lo c a l  p o t e n t ia ls ,  in s te a d  o f  th e  K -m a t r ix ,  
g iv in g  re a so n a b le  v a lu e s  f o r  th e  p a ra m e te rs  a. Though, i n  
t h i s  way, th e  use o f  th e  e n e rg y  e x p re s s io n  i s  v e ry  w e l l
j u s t i f i e d ,  one may n o t use th e se  v a lu e s  o f  th e  p a ra m e te rs  a 
as th e  s t a r t in g  p o in t  f o r  an e x a c t c a lc u la t io n  due to  th e  
v a r io u s  a p p ro x im a tio n s  in v o lv e d  i n  e v a lu a t in g  the  q u a n t i t ie s  
a. In s te a d  we d e te rm in e  a^ and ag f o l lo w in g  th e  p ro c e d u re  
o f  C H . I I I  S e c t.  2 i n  w h ic h  case 33 = a2 * We f in d (C H .7  S e c t.  2) 
t h a t  i f  we do n o t c o n s id e r  th e  d e n s ity  dependence o f  a^ and 
a2 i t  i s  im p o s s ib le  to  f i t  b o th  the  d e n s i t ie s  and th e  b in d in g  
e n e rg ie s  th ro u g h o u t th e  p e r io d ic  t a b le .  I n  p a r t i c u la r  th e  
n u c le a r  s u r fa c e  appears to  be to o  d i f f u s e  and th e re  seems no 
p o s s i b i l i t y  o f  g e n e ra t in g  s u f f i c i e n t  s lo p e  i n  th e  b in d in g  
e n e rg y  cu rve  be tw een medium and heavy masses. By c o n s id e r ­
in g  th e  d e n s ity  dependence o f  and a2 o f  th e  fo rm  o f  C H .IV  
Sect.jJw e g e t th e  r i g h t  s o r t  o f  changes and v e ry  good a g re e ­
ment w i t h  th e  e x p e r im e n ta l d a ta  i s  o b ta in e d .  W ith  p a ra m e te rs  
d e r iv e d  fro m  BGW we o b ta in  b in d in g  e n e rg ie s  o f  about 6 ttcv 
p e r  n u c le o n  i n  agreem ent w i th  t h e i r s ,  hence i t  i s  n a tu r a l  
th a t  when th e  p a ra m e te rs  are a d ju s te d  to  f i t  d a ta  as in d ic a te d  
above; th e  c o n s ta n ts  w i l l  n o t  agree w i th  th o se  c a lc u la te d  fro m  
th e  K - m a t r ix  o f  BGW. T h is  su g g e s ts  t h a t  a c a lc u la t io n  by  th e  
p re s e n t m ethod can be used to  t e s t  w h e th e r f o r  any g iv e n  i n t e r ­
a c t io n  p o t e n t ia l  a BGW ty p e  K -m a tr ix  c a lc u la t io n  f o r  n u c le a r  
p r o p e r t ie s  w ould be l i k e l y  to  succeed. A p a rt fro m  .aanons tra t -
dem onstra t ing  the  f e a s i b i l i t y  of success  i n  the o th e r  method 
our  c a l c u l a t i o n s  w i l l  a lso  provide the s in g le  p a r t i c l e  e f f e c ­
t i v e  p o t e n t i a l s  which would be convenient s t a r t i n g  p o in ts  
f o r  p roper  H.F. type c a l c u l a t i o n s .
I n  t h i s  approximation only  a-, and a^, the f i r s t  and second 
moments of  the K-matr ix ,  and t h e i r  d e n s i ty  dependence are 
of  importance* We f in d  th a t  the d en s i ty  dependence of the 
K -m atr ix  of  BGW i s  too weak and can be n eg lec ted .  For ob­
t a i n i n g  agreement w i th  experiment i t  i s  not only necessary  
to  assume values  of param eters  q u i te  d i f f e r e n t  from those 
o b ta ined  from the BGW K-m atr ices  but i t  i s  a lso  necessa ry  to  
in t ro d u c e  r a t h e r  s t rong  dependence on the d en s i ty  i n  a^. tfe 
are not i n  a p o s i t i o n  to  say whether these  disagreements 
should be t a k e n  as an argument ag a in s t  the p a r t i c u l a r  K- 
m a t r ic e s  used or  ag a in s t  the  K-matr ix  theory  and BGW approxi­
m ation  i t s e l f .
From another  p o in t  of  view our work may be looked upon as a 
f a i r l y  su c c e s s fu l  and complete sem i-em pir ica l  theo ry  fo r  








=  -y ^ p + v cJ  = r M  (A.2)
(A |C ^
say,  s ince ? i s  assumed to  be a known fu n c t io n  of y. Also
(A.3)
The equ a t io n s  were solved num erica l ly  by a g e n e r a l i z a t i o n  of 
the  Fox-Goodwin method , which has the  m er i t  t h a t  i f  the suc­
cess ive  p o in t s  n -  1, n, n + 1 of i n t e g r a t i o n  are se p a ra te d
6
by an increment h i n  R, the  e r r o r  i s  of o rd e r  h /7 2 0 .
Define
\  = 1; -  ^  r ( R , j j / u ,  
1  = RV£ 4  f W / l L  ,
(A.4)
(A.5)
th en  i t  i s  e a s i l y  shown t h a t
= *in+ k r ( ^ k ) -  V , •+ 0 (* /7 ^  (a.6)
I . ,4 o Lkih 1*), (A.7)
(A.8)
103
and by the  d e f i n i t i o n s  (A.4) and (A.5)




Supposing ^ , ») , y,  z, V0 known at p o in t s  n -  1 and n, th an
(A.6) and (A.7) determine n+| and ^ n+, to  o rde r  hS and
5
£h+i ; ^ n+) ) VCk+) are then  determined to  order  h"
a f t e r  one i t e r a t i o n  of (A.8),  (A.9) and (A. 10).
The numerical  i n t e g r a t i o n s  s t a r t  f ro n  R = 0 w ith  boundary 
co n d i t io n s
dVc1 = 1  , Vc--VC0 ,
J-K ' I R
-  0 ,
and the  values  a t  R = h were determined to  o rder  h~ from th e  
power s e r i e s  s o lu t io n  of (A . l )  and (A.2)
■ ) = > . -  £ } . e l  -> ......... ..
vc vCo - j  % ~<5 Ice1. . . .
I n  the  s p e c ia l  case
I W
i  -  2 u >
I+sy  
( l + s <f/f
] - 1 1,+Hh 4 A
l o t j
which w ith  ad ju s tab le  param eters  u and s i s  s u f f i c i e n t l y  
gene ra l  and was chosen f o r  convenience, the e x p l i c i t  forms 
of  C and D are . /
C Jo -  ( -  t  }0 VZ°) ( l+- ^ ) j ^ U j
P -  - f (S  ^  ^ c ) ( l+?h J l0U  + i ' lC^ sll‘%
Eqs.  (A. 1) and (A.3) show t h a t  the s o lu t io n  f o r  y depends 
only on P + Vc and th e r e fo r e  only on the combination P + 
Vco of inpu t  pa ram ete rs .  For the  p o t e n t i a l  Vc th e re  i s ,  
however, a boundary c o n d i t io n
Vc r  y .
R
at  the  o u ts ide  of the nuc leus ,  which was s a t i s f i e d  at the  
end of each i n t e g r a t i o n  by making a t r a n s fo rm a t io n
? —» P -  s
vc -> vc«.£,
at a l l  p o i n t s .  Thus the  Coulomb p o t e n t i a l  and s e p a r a t io n  
energy were determined without  ambiguity.
/ ö < f
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